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Abstract 

We investigate the correspondence between superstring theory on pp-wave back- 
ground with NSNS-flux and superconformal field theory on a symmetric orbifold. 
This correspondence can be regarded as the "Penrose limit" of AdS^/CFT2 corre- 
spondence. Superstring theory on the Penrose limit of AdS% x S s (xM ) (M 4 = T 4 
or K3) with NSNS-flux can be described by a generalization of Nappi-Witten model. 
We quantize this system in the covariant gauge and obtain the spectrum of super- 
string theory. In the dual CFT point of view, the Penrose limit means concentrating 
on the subsector of almost BPS states with large R-charges. We show that stringy 
states can be embedded in the single-particle Hilbert space of symmetric orbifold 
theory. 
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1 Introduction 



Superstring theory 1 has been investigated intensively since it is the only known consistent 
theory describing quantum gravity. In recent years, important aspects of superstring 
theory, which are closely related to string duality, have been revealed and D-branes play 
important roles in these developments. While D-branes can be treated as black-brane 
solutions in supergravity theory, effective field theory on D-branes is given by super Yang- 
Mills theory. The fact that we can deal with D-branes in two ways implies a duality 
between supergravity theory (or superstring theory) and supersymmetric gauge theory. 

This duality is called as AdS/CFT correspondence [3] (for a review, see [I]) and the 
most famous example is AdS^/CFT^ correspondence. Let us consider large N D3-branes. 
If we take the near horizon limit, corresponding supergravity solution becomes AdS§ x S 5 . 
On the other hand, effective field theory on D-branes is given by M = 4 SU(N) super 
Yang-Mills theory. Therefore, supergravity on AdS§ x S 5 is supposed to be dual to 
M = 4 SU(N) super Yang-Mills theory. Because the region where supergravity limit is 
valid corresponds to strong coupling region of super Yang-Mills theory, it is expected to 
understand some non-perturbative aspects of super Yang-Mills theory by using classical 
supergravity theory. For this reason, AdS^/CFT^ correspondence has been investigated 
by many authors. 

It is natural to expect that there is a correspondence beyond supergravity level. How- 
ever, it is difficult to quantize superstrings on AdS 5 x S* 5 because of the existence of 
RR-charges. Recently, an important progress has been made on this aspect. It was found 
in [H] that there is a maximally supersymmetric background with RR-flux in type IIB 
supergravity in addition to the flat Minkowski space and the AdS 5 x S 5 background. This 
background is called as maximally supersymmetric pp-wave background and it was shown 
in IHllZj that this background is obtained by so-called Penrose limit [HUH] of AdS$ x S 5 
background. Moreover, it was realized that superstring theory on the pp-wave back- 
ground with RR-flux can be quantized by using Green-Schwarz formalism in the light- 
cone gauge [TUHIIj. Motivated by these facts, the authors of [T2| applied the "Penrose 
limit" to the AdS^/CFT^ correspondence. They have shown that the Penrose limit of 
superstring theory on AdS^ x S 5 corresponds to the subsector of "almost BPS states" 
with large R-charges in M = 4 super Yang-Mills theory and identified stringy excitations 

1 There are good text books on superstring theory Please refer to them for the background of 

superstring theory. 
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with single trace operators. 

The other famous example is AdS^/CFTi correspondence. This is the correspondence 
between superstring theory on AdS% x S 3 x M 4 (M 4 = T 4 or K3) and two dimensional 
superconformal field theory on a symmetric orbifold [3*1113] . The correspondence is related 
to D1/D5 system, which is the configuration of Q§ D5-branes wrapped on a small M 4 
and Qi Dl-branes put parallel to the extra 1 + 1 dimensions. Since D1/D5 system was 
used for the microscopic description of black holes [Hj, the investigation of ACIS3/CFT2 
correspondence may give insights to black hole physics. In the IR limit, effective field 
theory on the two dimensional D-brane configuration is believed to be given by M = (4, 4) 
supersymmetric non-linear sigma model on the symmetric orbifold 

Sym Q ^(M 4 ) = (M 4 )^/S QlQ5 , (1.1) 

where Sn represents the symmetric group of N elements. The near horizon geometry of 
D1/D5 system becomes AdSs x5 3 x M 4 , and hence superstring theory on AdS$ x S 3 x M 4 
has been conjectured to be dual to superconformal field theory on Syrrft 1 ® 5 (M i ). 

There are many configurations related to D1/D5 system by U-duality and in this 
thesis we concentrate on F1/NS5 system (the system with Q\ fundamental strings and 
Q5 NS5-branes), which is S-dual to D1/D5 system. The near horizon geometry of F1/NS5 
system can be described by superstring theory on AdS% x S 3 x M 4 with NSNS-flux. This 
superstring theory can be written in terms of SL(2; IR) x SU(2) WZW models, and hence 
we can quantize this system. The superstring theory is dual to superconformal field theory 
on SymP 1 ® 5 (M 4 ) and the correspondence has attracted much attention since it can be 
examined beyond supergravity approximation (see, e.g., [TollTollTT] ) . 

One of the important tests of this duality is the comparison of spectrum. There is a 
moduli space in the dual CFT and it is difficult to analyze spectrum at general moduli 
point. Since BPS states do not depend on the deformation of moduli parameter, we can 
use BPS spectrum at the orbifold point, where we can obtain general spectrum by using 
the orbifold theory technique 001201 • Therefore, we can obtain BPS spectrum and 
compare the supergravity modes of superstring theory. BPS states with small R-charge 
are explicitly identified in "2U"22j and higher R-charged BPS states are also reproduced 
successfully in [231121] by making use of the spectral flow symmetry on the AdS% string 
theory "2SH2E]- However, it is still difficult to investigate general spectrum other than 
BPS states. 

In order to compare more general spectrum, we apply a Penrose limit to AdSs/CFT2 
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correspondence [37]. The Penrose limit of AdS 3 x S 3 (xM 4 ) with NSNS-flux becomes 6 
dimensional pp-wave background with NSNS-flux and superstring theory on this back- 
ground can be described by a generalization of Nappi-Witten model |2B]- This model was 
investigated in a different context by several authors |2T?ll3Up31|l32p33p34|l35p36p37|l38|l39p40| 
and it can be quantized by the current algebra approach |2~9*|l39p41| and by the sigma model 
approach [4*2 | l43 | l44j . Taking a Penrose limit corresponds to concentrating on almost BPS 
states with very large R-charges in the dual CFT, where we can use spectrum at the orb- 
ifold point in this limit. We show that stringy states can be embedded in the Hilbert space 
of the symmetric orbifold theory. The other works on the Penrose limit of AdS 3 /CFT 2 
correspondence are given in [43 | l4*6 | l4"T | l48 [ l49 [ l50j . 

The organization of this thesis is given as follows. In section |2l we first review the 
AdS^/CFT^ correspondence. Then, we see what the Penrose limit is and how we apply 
the limit to the AdS 5 /CFT 4: correspondence. In section^ we begin with the AdS 3 /CFT 2 
correspondence and then apply the Penrose limit to it. After explaining that a general- 
ization of Nappi-Witten model appears in the Penrose limit of AdS 3 x S 3 x M 4 , we review 
the Nappi-Witten group (and Lie algebra) and quantize this model by the sigma model 
approach in the light-cone gauge. In section we quantize superstring theory on this 
pp-wave background by using the current algebra approach in the covariant gauge and ob- 
tain Hilbert space by explicitly constructing DDF operators. In sectional we first review 
superconformal field theory on the symmetric orbifold Syrrfi l( ^ 5 (T A ) and then compare 
(almost) BPS spectrum with string spectrum on the pp-wave background. Then we com- 
ment on the case with RR-flux in subsection 15.31 We also discuss a extension to the case 
of M 4 = T 4 /Z*2 2 in sectionEland we conclude this thesis in sectional The notation of the 
Gamma matrices is summarized in appendix El The space-time super pp-wave algebra is 
constructed by using the contraction of the super AdS 3 x S 3 algebra in appendix |Bj In 
appendix El we also investigate space-time supersymmetry on pp-waves with NSNS-flux 
by examining Killing spinors. In particular, we show that there are 24 supersymmetries 
in the AdS 3 x S 3 x T 4 background. 



2 The K3 surface is obtained by resolving the singularity of T 4 /Z2 and we use T 4 /Z2 as a solvable case 
of K3. 
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2 AdS^/CFT/^ Correspondence and BMN Conjecture 



Before examining AdS$/CFT2 correspondence, we first review AdS^/CFT^ correspon- 
dence in next subsection in order to show the general concept of AdS/CFT correspon- 
dence. After explaining Penrose limit in subsection I2.2[ we apply the Penrose limit to 
the both sides of AdS^/CFT^ correspondence and we explicitly construct single trace op- 
erators in super Yang-Mills theory corresponding to states of superstrings in subsection 

2.1 AdS^/CFT^ Correspondence 

As we mentioned in introduction, AdS/CFT correspondence was deduced from the fact 
that there are two ways to describe D-branes. One is the supergravity or superstring 
description and the other is the super Yang-Mills description. Therefore, it is natural to 
expect that there is a correspondence between a supergravity or superstring theory and a 
super Yang- Mills theory. The concrete example is given by Maldacena [3] as AdS/CFT 
correspondence. Although we concentrate on AdS^/ CFT2 correspondence in this the- 
sis, we first overview AdS^/CFT^ correspondence in order to see the general concept of 
AdS/CFT correspondence. 

Let us begin with D-branes. A D-brane can be defined as a hypersurface which open 
strings are attached to as in figure Q [HI]- Open strings have their ends and we have to 
assign some boundary conditions to the fields at the ends. The conditions consistent with 
the equations of motion are given by Neumann or Dirichlet boundary conditions. Let us 
assign the Neumann boundary condition for p+1 coordinates and the Dirichlet boundary 
conditions for 9 — p coordinates. More precisely, we assign 

d a X^T,a)\ a=0 ,K = (/i = 0,l,--- ,p) , 

^(T,a)| CT=0)7r = const. (fJ. = p+l,--- ,9) . (2.1) 

We have assumed the flat background and we use (r, a) as the coordinates of world-sheet. 
The open strings can move only along p+ 1 dimensional hypersurface and the hypersurface 
is called as Dp-brane. N D-branes can be described by open strings with U(N) x U(N) 
Chan-Paton factors at their ends. In the limit that the string length l s = \fa' — > 0, 
only the massless excitations of open strings remain and low energy effective theory on 
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p+1,.,.,9 



Figure V. Dp-branes are p + 1 dimensional hypersurfaces and open strings are stretched 
between the branes. 

N D3-branes becomes U(N) super Yang-Mills theory. In p = 3 case, the effective theory 
is given by 4 dimensional Af = 4 super Yang-Mills theory. 

We can describe D-branes also in terms of supergravity. The supergravity solution 
corresponding to multiple Dp-branes can be constructed [52] and for N D3-branes it is 
given by 

ds 2 = f^(-dxl + dx\ + dx\ + dx\) + f^(dr 2 + r 2 ^) , 

/ = 1 + ^ , R A = 4irg s a' 2 N , (2.2) 

supported by nontrivial 5-form RR-field strength. The string coupling is denoted as g s . In 
the super Yang- Mills description, there are two decoupling sectors; One is the super Yang- 
Mills theory on D-branes and the other is the supergravity theory on flat background. 
In the supergravity description, we have also two decoupling regions; One is the region 
near D-branes and the other is the region away from D-branes. In order to extract the 
information at the region near D-branes, we take the near horizon limit of D3-brane 
solution (|2.2j) . By taking the limit r <C R, the geometry becomes AdS$ x S 5 




Since the supergravity theory on the flat background away from the D-branes are the 
same in the both descriptions, the super Yang-Mills theory on D3-branes are conjectured 
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to be dual to superstring theory on the AdS$ x 5 5 background [Sj. The AdS§ space has 
a codimension one boundary and the dual CFT is believed to live in the 4 dimensional 
boundary. 

One evidence of the conjecture is the correspondence of symmetry. 4 dimensional 
M = 4 super Yang-Mills theory is known to be a superconformal field theory. The 
combination of 3 + 1 dimensional Poincare symmetry, dilatation symmetry and special 
conformal symmetry is described by 50(4, 2), and there is SU(4) R-symmetry in M = 4 
super symmetric theory. The isometry of AdS$ x 5 5 space is also given by 50(4, 2) x 
50(6)(^ SU(4)) and precisely reproduce the symmetry of Af = 4 superconformal field 
theory. 

In the large N U(N) Yang-Mills theory, effective coupling is given by 't Hooft coupling 
A = 3ym^- By using the relation g\ M = 47r# s and (|2.2|h the perturbative region is given 
by ^ 

g 2 YM N ~ g s N ~ « 1 . (2.4) 

On the other hand, the supergravity approximation is valid when 

Y ~ 9sN ~ (? YM iV » 1 , (2.5) 

thus we may investigate super Yang-Mills theory at strong coupling region A ^> 1 by using 
the supergravity on AdS$ x 5 5 . 

In a conformal field theory, basic objects are operators. In the context of AdS/CFT 
correspondence, it was proposed in [Slfllo'lj that the correlation functions of operators are 
obtained from the following relations as 

e J dx 4 (p (x)O{x)\ _ e -5 str ing[0|boundary = 0o(a;)] (2 6) 

/ CFT ' \ ■ J 

In the CFT side, 0o is a source coupling to a operator and in the AdS side 0o is the 
value of a field at the boundary. The left hand side is the generating function of 
correlation function and the right hand side is the partition function of superstring theory 
on AdS 5 x 5 5 . This equation implies that the operator O in the conformal field theory 
corresponds to the field <fi in the superstring theory. In fact, it is shown that there 
is a one-to-one correspondence between Kaluza-Klein modes compactified on 5 5 in the 
supergravity and single trace BPS operators in the super Yang-Mills theory. In the CFT 
side, we obtain a correlation function by differentiating source currents <f>Q. In the AdS 
side, the correlation function corresponds to S-matrix for the fields 0. For example, 4-point 
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Figure 2: Diagrams of 4-point function. 

functions of operators O in the super Yang-Mills theory can be calculated by Feynman 
diagrams with the 4 external fields <fi as in figure El 

2.2 PP- Waves as Penrose Limits 

In [H] Penrose pointed out that pp-wave (plane fronted wave with parallel rays) geometry 
is realized as a limit of any geometry. Furthermore, this limiting procedure is generalized 
in [Hj to supergravity on ten or eleven dimensional Lorentzian space-time M. 

Let us denote a null geodesic of M without conjugate points by 7. In a neighborhood 
of 7, the metric of any geometry can be written by introducing local coordinates U, V, 
Y i as 

g = dV (dU + a(U,V,Y k )dV + Y,Pi(U,V,Y k )dY l \ + Y,C ij {U,V,Y k )dY i dY j . (2.7) 

\ i / i,j 

We use a and (3i as real numbers and Cy as a symmetric positive-definite matrix. In 
this coordinate, the null geodesic is given by the surface with V, Y % = const, and affine 
parameter is U. 

In the Penrose limit, we see the neighborhood of the null geodesic very closely. In 
other words, it is obtained by rescaling the coordinates as 

u = u, v = n 2 v , Y i = n y * , (2.8) 

and taking the limit of Q — >• 0. Under this limiting procedure, the metric become 

g = lim VT 2 g = dudv + C ij (u)dy i dy j . (2.9) 

Notice that the matrix CV, only depends on u after taking the limit. This metric is of the 
form of pp-waves written by Rosen coordinates. 




8 



In supergravity theory, there are a dilaton $ and gauge potentials A p . By using the 
gauge freedom, we choose a gauge such as 

Auii-ip-i — AuVh-i p - 2 = . (2-10) 

We use the dilaton and the gauge potentials after taking the Penrose limit as 

$ = lim , A p = lim fTM p (n) . (2.11) 

In this limit, the non-trivial components of gauge potentials are only transverse ones and 
field strengths are of the forms 

d_ 

du 



F p+1 = du A -j-Apiu) . (2.12) 



Because supergravity Lagrangians transform homogeneously under the scaling of metric 
()2.9j) and dilaton and gauge potentials (|2.11jl . the Penrose limits of supergravity solutions 
are still solutions to the supergravity equations of motion. 

In the following section, we will use the expression of pp-wave metric different from 
([2.9)1 . which is written by Brinkman coordinates as 

g = -Adx + dx~ + A ij (x + )x i x j dx + dx + + ^ ofeW . (2.13) 

In eleven dimensional supergravity, there are three types of the maximally supersymmetric 
solutions, i.e., flat, AdS^j x S 7,A and pp-wave background. The maximally supersymmetric 
solution of pp-wave type was found in [S3] and its metric is written as 

g = -Adx + dx- + (-) 2 x i x i + Y (-) 2 ^V^) dx + dx + +Y,dx i dx i . (2.14) 
\i=i ^3/ i=4 \6/ J i=1 

The normalization factor /i can be changed by using the redefinition of light-cone coor- 
dinates x . Remarkably, this pp-wave background can be obtained as a Penrose limit of 
AdSij x S 7,4 jSJ. In type IIB supergravity, flat and AdS 5 x S 5 backgrounds are know to be 
maximally supersymmetric solutions. Recently, it was found in [5. that there is another 
maximally supersymmetric solution given by pp-wave geometry 

8 8 

g = -4dx + dx~ + Y fi 2 x i x i dx + dx + + Y dx l dx { . (2.15) 

i=l i=l 

This metric can be also obtained as a Penrose limit of AdS$ x S 5 . In next subsection, we 
apply this fact to the AdS^/CFT^ correspondence. 
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The above two coordinates (Rosen and Brinkman coordinates) can be exchanged by 
performing the following transformation 

u = -Ax + , v = x- + ^M ij (x + )x i x j , y l = Y. Q){x + )x j , (2.16) 

where is a sort of inverse of Cy and is chosen as 

QjQlQj = 5 kl , = CuQ'^Q) ■ (2.17) 

We use ' as the derivative d/dx + . The relation between and can be calculated as 

Aij = -C kl Q' l 3 Q\ - C kl Q"\Q\ . (2.18) 

Using the coordinate transformation (|2.1fij) . we obtain the field strength (|2.12jl in terms 
of Brinkman coordinates as 

p P +i = E ;^A-h> (~ Ax+ )Qh ■ ■ ■ Qt dx+ A d%n A • • • A dxjp - ( 2 - 19 ) 

ik dk 

2.3 BMN Conjecture 

As mentioned in the previous subsection, the maximally supersymmetric pp-wave arises 
as a Penrose limit of AdS$ x S 5 . To see this, it is convenient to rewrite the metric of 
AdSc, x S 5 (|2.3J1 in terms of global coordinates as 



ds 2 = R 2 



cosh 2 pdt 2 + dp 2 + sinh 2 pdtt 2 3 + cos 2 6dip 2 + dO 2 + sin 2 OdVt'l . (2.20) 



We choose a null geodesic as the trajectory of a particle moving very fast along the S 5 , 
more precisely, moving along the ip direction and staying at 9 = and p — 0. (See figure 
El) The Penrose limit corresponds to concentrating on this particle. In terms of the 
coordinates, we rescale as 

x + = ^(t + V), x- =J R 2 i(t-^) , r = Rp, y = R9, (2.21) 

and take the limit of R = 1/Q — > oo. The resultant metric is of the form of the maximally 
supersymmetric pp-wave (|2.15jl 

ds 2 = —Adx 2 dx~ — p 2 z 2 (dx + ) 2 + dz 2 , 

-F+1234 = -F+5678 = const, x p , (2.22) 
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Figure 3: We focus on a particle moving along an equator of S 5 very fast and staying at 
the center of AdS$. This corresponds to taking a Penrose limit of AdS^ x S 5 . 

with fj, = 1. The vector z represents the points on R 8 and the constant in front of /i is 
fixed by choosing a normalization of field strengths. 

Superstrings on the pp-wave ()2.22j) can be quantized by using Green-Schwarz formal- 
ism in the light-cone gauge [TO] . In the gauge x + = r, the action becomes 



S = dr da 

27TO' 



(2.23) 



with the world-sheet coordinates (r, a). Green-Schwarz fermion S consists of eight com- 
ponents, and they are Majorana spinors on the world-sheet and space-time spinors with 
positive chirality of 50(8). 

The boundary condition and equation of motion for bosonic field z 1 are 

z 1 (er + 2na'p + , t) = z {a, r) , 

(d 2 T - dl)z l + /iV = . (2.24) 
The solution to these equations is given by the following mode expansion as 

z 1 = z[ cos fir + pi cos /it + % — (afe-^-^ + a I n e- iiu ' nT+kna) ) , (2.25) 
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where 



OJr. 



n 2 



\ p ' {a'p+f v ' ' n ~ \ p ' (a'p 



n 2 



^ 2 + T-iZ^ («<0) 



n 



(n = ±1,±2,---) . (2.26) 



By replacing the coefficients and with the corresponding operators, we can 
quantize the system and obtain the light-cone Hamiltonian as 



2p- = - P+ = H lc .=Y,N n * 



n 2 



The number operator N n counts one for a n and for dL n . By virtue of large supersymmetry, 
the spectrum of fermions are the same as that of bosons, and the number operator N n 
also counts the fermionic oscillators in the way similar to the bosonic ones. The level 
matching condition is expressed in this notation as 

Y,nN n = 0. (2.28) 

n 

Since the pp-wave geometry can be obtained as a Penrose limit of AdS§ x S 5 , there 
is a subsector of super Yang-Mills theory dual to superstrings on the pp-wave. As we 
mentioned before, the symmetry on conformal field theory corresponds to the isometry of 
^4^5*5 and the R-symmetry corresponds to the isometry of 5* 5 . In the superconformal field 
theory, one of the important quantities is the conformal weight A, which represents how 
an operator behaves under the dilatation transformation, and another important quantity 
is the U(l) R-charge Q of SU(4:) R-symmetry. The conformal weight A and the U(l) 
R-charge Q can be identified as the energy E = idt and the angular momentum along S 5 
J = —id^ in the coordinates of (|2.2()j) . 

Using this correspondence and the coordinate transformation (|2.21j) . the light-cone 
momenta of superstrings on the pp-wave are written as 

2p- = -p + = i(dt + d 4 ,) = A-Q, 

2P + = -V- = jplQt ~ d f ) = . (2.29) 

Because the light-cone momenta should be finite in the limit of R — > oo, we have to 
consider the states with 

A-Q~0(1), A + Q-OOR 2 ). (2.30) 
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A 
. i 


n 


Ai [I — 1, Z, 6, 4J 


1 


n 
u 


jA (a 1 O Q A\ 

<p [Z — 1, 2, 4 J 


1 


n 
u 


7 — _i_ „• j.6 
zj — u/ t'U-' 


1 

J. 


1 


7 — jfi _ 
— yj — lip 


1 
1 


1 

1 


Xj=i/ 2 (a=V-- ,8) 


3/2 


1/2 


X^ = _ 1/2 (a =!,-••, 8) 


3/2 


-1/2 



Table 1: The conformal weights A and the R-charges Q of fields in M = 4 super Yang-Mills 
theory. 

The BPS bound is given as A > \Q\, thus these states are almost BPS with very large 
R-charge Q. 

Using the relation ()2.29|) . we can see which operators in the super Yang-Mills theory 
should be identified as states in the superstring theory. Since we have found that the 
spectrum of superstrings on the pp-wave is given by ([2.27)1 . the corresponding operators 
should have the following quantity 

(A - Q)„ = . (2.31) 

We have used the relation (|2.2jl . In the remaining part of this section, we construct these 
operators explicitly. 

M = 4 U(N) super Yang-Mills theory consists of four components of gauge field A4 
(i = 1, 2, 3, 4), six scalar fields ft (i = 1, 2, 3, 4), Z = <p 5 + i<f Z = <p 5 - i<f and sixteen 
components of gaugino Xj=i/2> Xj=-i/2 ( a = 1; ' ' ' > 8). We use the adjoint representation 
of U(N) for these fields and summarize conformal weighs A and R-charges Q of these 
fields in table [TJ 

We are considering large N limit and small fixed gyu- The operators we want to 
construct have large R-charge Q ~ y/N but finite A — Q. The operator with A — Q = 
can be constructed by using many Z's because this is only the field with A — Q = 0. This 
operator is identified with the vacuum state in the superstring theory, thus we have 

Tr[ZQ] <— ► \0, p+ ) . (2.32) 
We neglect the normalization for simplicity. 
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Next, we construct the operators with A—Q = 1. We can find the fields with A— Q = 1 
from table Q as 

0* (i= 1,2,3,4) , DiZ = diZ + [Ai, Z] , x} =1/2 (a = l,--- ,8) . (2.33) 

They corresponds to eight bosonic oscillators and eight fermionic oscillators 

a 1 , (1=1,-.. ,8) , S a (a = l,.-- ,8) . (2.34) 

We obtain the supergravity modes by acting these zero modes to the vacuum. The corre- 
sponding operators can be constructed by considering the following single trace operators 

-3-]TTr[ZyZ Q -'] = Tr[^Z Q ] < — > 4 i+4 |0,p+> . (2.35) 
Q i 

We have used the symmetric trace in order to make the operators gauge invariant. The 
operators corresponding to other supergravity modes are of the form similar to ([2.350 . 

Let us turn to the stringy modes. The stringy modes can be created by acting os- 
cillators a]f and S}f to the vacuum state. It was proposed in ^2] that corresponding 
operators are given by single trace operators with appropriate phase factors. For exam- 
ple, they proposed the correspondence 

^Tr[0 3 ZV 4 ^ Q -']e 2W / Q <— > 4 8 aL 7 JO,p + ) . (2.36) 
i 

Notice that we need at least two oscillators in order to satisfy the level matching condition 
(12.28(1 . In general, the action of oscillators is replaced by the insertion of operators by 
using following rules 

a tl (i = 1,2,3,4) < — ► DiZ , 
a) 1 (i = 5, 6, 7, 8) < — ► 0*" 4 , 

S a (a =1,---, 8)<— Xj= 1/25 (2.37) 

with appropriate phase factors. It was shown that these operators correctly reproduce the 
spectrum ([2.31(1 at the first non-trivial order in jT2|, at the next non-trivial order in jHEj 
and at the all order in [57j . 
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3 NSNS PP-Wave as a Penrose Limit of AdS 3 x S 3 



In this thesis, we concentrate on AdS^/CFT 2 correspondence rather than AdS^/CFT^ 
correspondence. The AdS%/ CFT 2 correspondence is related to Dl/Db system. The near 
horizon geometry of the system is AdS$ x S 3 (xM 4 ) with M 4 = T 4 or K3 and the effective 
field theory is given by a two dimensional superconformal field theory. Therefore, it is 
conjectured that superstrings on AdS^ x S 3 is dual to the two dimensional superconformal 
field theory. One reason why we analyze this case is that two dimensional superconformal 
field theory is easier to deal with than other dimensional one since symmetry on two 
dimensional CFT is enhanced to be infinite dimensional. 

There is U-duality family of D1/D5 system and we use S-dual one, namely, F1/NS5 
system, which is the system with fundamental strings and NS5-branes. Superstring theory 
on the near horizon geometry includes only NSNS-flux and hence the superstrings can 
be analyzed. This is another reason why we investigate on this case. For these reasons, 
many authors have worked on this subject as in, for example, [TollTm iTTj. 

In subsequent sections, we will investigate the "Penrose limit" of this correspondence. 
As we will see below, we can improve the study of correspondence of spectrum by applying 
the Penrose limit. In subsection 13. 2\ we see what the "Penrose limit" of AdS^/CFT2 
correspondence means. Then, we show that superstrings on the Penrose limit is described 
by a generalization of Nappi-Witten model [2E|- The Nappi-Witten model is the WZW 
model associated with the Nappi-Witten group, which is introduced in subsection 13.31 In 
subsection 13. 4| we obtain the spectrum of superstrings on the Penrose limit by using the 
sigma model approach in the light-cone gauge [12HH3I11] • 

3.1 ACIS3/CFT2 Correspondence 

As mentioned in subsection 12. 1[ the AdS 5 /C FT A correspondence is related to the D3- 
branes. For the AdS^/CFT2 correspondence, the role of D3-branes are played by D1/D5 
system. The D1/D5 system is a configuration with D5-branes and Dl-branes 3 . Q5 D5- 
branes are wrapped on T 4 whose volume is fixed small as v Z 4 . Q\ Dl-strings are set parallel 
to the extra 1 + 1 dimensions. This configuration can be seen as a one dimensional object 
in 5 + 1 dimensional space-time. We can replace T 4 with K3 and the case of K3 will be 
investigated in section El 
3 See figure 01 
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0,1 



2,3,4,5 



Figure 4: The configuration of D1/D5 system. Q 5 D5-branes are wrapped on a small T 4 
(6,7,8,9 directions) and Qi Dl-branes are put on D5-branes along 0,1 directions. 

The supergravity solution corresponding to the D1/D5 system is given by jHH] 
ds 2 = h l ff 2 {-dxl + dx\) + fhkdr 2 + r 2 dQ 2 3 ) + f?fPdx A dx A , 



fi 



1 + 



ga'Qi 



1 + 



ga'Q 5 



(3.1) 



There is also non-zero 3-form RR-field strength. We have set g as the string coupling 
constant at infinity. The near horizon geometry of the solution becomes AdS^ x S 3 x T 4 

^,2 



ds 2 = ^{-dxl + dxT) + \dr 2 + R 2 d£l\ + J ^-dx A dx A , 



where 



96 



R 2 = a'gJQrQ, . 



(3.2) 



(3.3) 



We should notice that the volume of T 4 is fixed as Q1/Q5 in the near horizon limit. 

According to the conjecture of Maldacena [Sj, superstring theory on AdS% x S 3 x T 4 is 
dual to the effective theory on this D-brane configurations at the IR limit. The effective 
theory is known as M = (4, 4) superconformal field theory with central charge c = QQ1Q5 
and it has two decoupled sectors called as Coulomb and Higgs branches. 

In the D1/D5 system, there are open strings stretched between the same type of D- 
branes and the different type of D-branes. The former ones are called as (1, 1) and (5, 5) 
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strings. In the open string spectrum, there are massless scaler fields corresponding to the 
positions of D-branes. When these scalar fields have non-trivial values, the theory is at 
the Coulomb branch. The latter ones are called as (1,5) and (5, 1) strings. The massless 
scalar fields in the open string spectrum represent how much the Dl-branes are smeared 
into the D5-branes. We are interested in the case when these scalar fields have non-trivial 
values. In other wards, only the Higgs branch is considered. 

Among the excitations of a (1, 5) string, there are two massless bosons and two massless 
fermions. Taking account of two possible orientations and the Q\ and Q5 degrees of 
freedom from U(Qi) x U{Q$) Chan-Paton factors, there are 4Q1Q5 bosons and 
bosons. In fact, it is conjectured in ^3] that the effective theory on the D1/D5 system is 
given by M = (4, 4) non-linear sigma model on the symmetric orbifold 



where Sn represents the symmetric group of N elements. The degrees of freedom of 
massless fields are reproduced by the analysis of massless excitations of open strings and 
the symmetry of Sn is a reminiscent of U(Qi) x U(Q§) Chan-Paton factors. 

The form of target space (J3.4j) is explained as follows. By applying T-dualities along x° 
and x 1 directions, we obtain D(— 1)/D3 system, and Q\ D(— l)-brane can be interpreted 
as Q\ instanton solutions in SU{Q§) Yang-Mills theory. It is supposed that a D(— l)-brane 
separates into Q§ fractional D(— 1) branes with I/Q5 D(— l)-brane charge. The position 
of a fractional D-instanton corresponds to one T 4 and the fact that these fractional D- 
instantons are indistinguishable leads to the Q1Q5 symmetric products of T 4 . This is 
a heuristic explanation of the reason why the moduli space of this instanton solution is 
given by 1)3.4)1 . 

Let us perform S-duality to the Dl /D5 system. The S-duality transforms Dl-strings to 
fundamental strings and D5-branes to NS5-branes. Thus, we obtain F1/NS5 system with 
Q5 NS5-branes wrapped on the T 4 and Qi fundamental string set parallel to the extra 
1 + 1 directions. By using the S-duality, the metric of supergravity solution is obtained 

as 



SymP 1 ® 5 (T 4 ) = (T 4 )^/S QlQ: 



(3.4) 



ds 2 = f^H-dxl + dx{) + f 5 (dr 2 + r 2 dn 2 3 ) + dx A dx A , 




(3.5) 



There is also non-zero 3-form NSNS-field strength. 
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Its near horizon limit is also AdS$ x S 3 x T 4 

ds 2 = Q 5 — (-dxl + dxj) + Q^-dr 2 + Q 5 adn\ + dx A dx A , (3.6) 
a r 2 

where we use the fact that the string coupling in this limit is g 2 = vQ§/Qi. Superstring 
theory on curved space supported by NSNS-flux may be described by a super WZW 
model, which is a solvable model, and we can use a super WZW model as superstring 
theory on AdS% x S 3 with NSNS-flux. The isometry of AdS% x S 3 is given by 

SO(2, 2) x SO(A) - SL(2, R) L x SL(2, R) R x SU(2) L x SU(2) R , (3.7) 

therefore we use SL(2,M) x SU(2) WZW model. The level of this model is related with 
the radius R 2 and given by Q$. We will concentrate on this case because this model is 
easier to deal with than superstrings with RR-flux. 

We have to apply the S-duality also to the effective field theory, however we do not 
know much about the moduli space of non-linear sigma model on Syra® 1 ® 5 ^ 4 ) 4 . Be- 
cause of this fact, we can only use objects independent of the moduli parameter. For 
example, BPS states are independent of the moduli parameters and they are identified as 
supergravity modes in superstrings on AdS 3 x S 3 x T 4 [2I1I221I2B1I2I] • 

As investigated in the previous section, we can compare non BPS states with stringy 
modes by applying the Penrose limit to the AdS^/CFT^ correspondence. Thus it is 
natural to expect that we can obtain the similar results by applying the Penrose limit to 
the AdS^/CFT 2 correspondence. Since we concentrate on almost BPS states with very 
large R-charge, these states are not sensitive to the deformation of moduli parameter and 
can be compared with the stringy modes 5 . 

3.2 Penrose Limit of AdS^/CFT2 Correspondence 

In this subsection, we will see the "Penrose limit" of AdS^/ CFT 2 correspondence. It is 
convenient to express the metric of AdSs x S 3 x T 4 as (R 2 = Q5I 2 ) 



ds 2 =R 2 



— cosh pdt 2 + dp 2 + sinh pdtp\ + cos 2 Odtp 2 + d6 2 + sin 2 9dtp\ 



+ dx A dx A , (3i 



4 The discussions on the moduli space of D1/D5 system are given, for example, in [59,60 

5 However, there is a subtlety on this discussion and we will comment on the subtlety in subsection 
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where x A {A = 6, 7, 8, 9) are the coordinates of T 4 . As discussed in the previous section, 
the Penrose limit corresponds to concentrating on the particles moving at the ip direction 
(one of the S 3 coordinates) very fast and staying at p — 9 — 0. More precisely, we rewrite 

as 

P=§, = %, t =-fu+^- 2 v, ^ = f u+ ^v, (3.9) 
and take the limit R — > oo. Then we obtain the plane wave metric as 6 

ds 2 = dudv - / 2 xV<iw 2 + dx i dx i + dx A dx A , (3.10) 

which is supported by the NSNS-flux H u i2 = H u ^ = —2f. Here we have introduced the 
coordinates x % (i = 1, 2, 3, 4) as 

dx i dx i = dr\ + r\dy\ + dr\ + r\d<$\ ■ (3.11) 

It is known that the superstring theory on this background supported by the NSNS- 
flux is described by a (generalized) Nappi-Witten model [28J. Contrary to the case with 
RR-flux, we can quantize this system in the covariant gauge since we can use the technique 
of WZW models. Some years ago, the Nappi-Witten model was investigated as a solvable 
model for string theory on a non-trivially curved background |2^l3Hll3*Hl3^l3^l34|l35t l3^l 
ISZlISHlinniEOl- Recently, this model attracts some interests again in the context of PP- 
Wave/CFT duality |4~4*|l41[l27p49j . The sigma model approach was taken in |4*2"|l43[ l44j and 
the current algebra method was developed in [2*9*ll39H41| by using the free field realization. 

Then, consider what this limiting procedure means in the context of the dual CFT. 
Using the redefinition of the light-cone coordinates (|3.9jl . we find 

Pu = -id u = f(id t - id^) = /(-A + Q) , 

-idt - jdj _ A + Q 

where we denote A as the conformal weight and Q as the R-charge. The momenta of 
states in the superstring theory are finite, thus the corresponding states in the dual CFT 
are the states with A — Q ~ 0(1) and A + Q ~ 0(R 2 ). This is the exactly same as the 
case in subsection I 



3 We can use arbitrary / in front of x l x l du 2 by rescaling u and v. 
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3.3 Nappi-Witten Group and Lie Algebra 

Nappi-Witten model |2B] is a WZW model associated with the central extension of the two 
dimensional Euclidean group, which is called as Nappi-Witten group 7 . Although we will 
use a generalization of Nappi-Witten model, we first focus on the original Nappi-Witten 
group for simplicity. 

We denote an element of the two dimensional Euclidean group as h(9,w), which acts 
to two dimensional coordinate z as 

h(9, w) ■ z = e~ ie z + w . (3.13) 

In other words, the parameters 9 and w represent rotation and translation, respectively, 
thus we can use h(9,w) = T{w)R{9) with 

T(w)-z = z + w, R(9)-z = e- ie z . (3.14) 

In order to define a group we have to determine a multiplication law and in this case we 
can read as 

h(9 h w 1 )h{9 2 , w 2 ) = h(9 x + 2 , Wl + e~ idl w 2 ) , (3.15) 

or equivalently, 

R(9 l )R(9 2 ) = R{9 X + 9 2 ) , R(9)T(w) = T( e - i9 w)R(9) . (3.16) 

The Nappi-Witten group is given by the central extension of the two dimensional 
Euclidean group and representation is characterized by a group cocycle as 

T(wi)T(w 2 ) = T(wi + w 2 ) exp (- Im(wiU7 2 ) j • (3-17) 

Introducing Z(k), we can rewrite as 

T( Wl )T(w 2 ) = T( Wl + w 2 )Z (- Im(wiw 2 )) . (3.18) 

Then, an element of Nappi-Witten group is defined as 

g (9, w, k) = T(w)R(9)Z(k) , (3.19) 

and the multiplication law is given by 

0(0i, w t , K!)g(9 2 , w 2 , k 2 ) =g(9t + 9 2 , w x + e~ ldl w 2 , k x + k 2 + l - lm( Wl e iei w 2 )} . (3.20) 

7 A nice review is given in |61j and we follow their discussion. 
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We can easily see that g(0, 0, 0) is the identity and g(9, w, k)^ 1 = g(—9, —e l6 w, —k). 

The generators of Nappi-Witten Lie algebra can be defined from the Nappi-Witten 
group as 

T(w) = exp (^( wP * + wP)^ > R ( e ) = exp(i0J) , Z(k) = exp(mF) , (3.21) 

and their Lie brackets can be read from the multiplication laws as 

[J, P] = P , [J, P*} = -P* , [P, P*] = F , (3.22) 

which is nothing but a Heisenberg algebra. Using the Lorentzian metric (P, P*) = 1 and 
{J,K) = 1, we obtain the metric ds 2 (g) = (g^ 1 dg , g^ 1 dg) as 

(is 2 = 2d9dn + - (wdw — wdw)d9 + dwdw . (3.23) 

Considering the WZW model associated with the Nappi-Witten group, NSNS-flux is in- 
cluded from Wess-Zumino term as Hg wid = —i/2. The generalization to higher dimensional 
one is obtained by replacing w — > Wi, P — > Pi and P* — > P* {i = 1, ■ ■ ■ , I), which cor- 
respond to the generators of Heisenberg algebra H 2 i+2- in this thesis, we concentrate on 
the case of / = 2 since this case is obtained by the Penrose limit of superstring theory on 
AdS 3 x S 3 . 

By redefining the coordinates as 

t0i-e-*/V, w 2 - e- iB ' 2 y 2 , (3.24) 

we obtain the plane wave metric of the type ()3.1()|) 

ds 2 = 2d9dn - ^y i y i d9 2 + dtfdtf . (3.25) 

The relation to the metric ()3.1()j) is given by v <-» 2k, u <-> 9 and / = 1/2. The Killing 
vectors on this metric can be read from the group multiplication law as 



F = -id K 



J L = -id e + ^(y*d y i - y l dy>) , J R = -id e - hy l d yi - y l d gi ) , 



P iL = e i0 / 2 (V2id §i + ^j=V%) , Pat = e ie / 2 (V2id yi + ^fd K ) , 

P* L = e~^ 2 (V2id yi - ^V%) , P* R = e- i0 / 2 (V2id vi - -±=y%) . (3.26) 



^Since the generator F is central, Fl and Fr are not independent of each other (F = Fl = Fr). 



21 



We can see that the commutation relation of these generators correctly reproduce (|3.22|) . 
Let us see classical scalar wave functions on these background, which satisfy 

(A - m 2 )0 = , A = 2d e d K + - A y l y l d K d K + Ad yi d gi . (3.27) 

The ground state is given by 

<f>(6, Krf) = exp (ip_ K + ip+9 - ^|p-|yV) , (3.28) 

and the arbitrary states are obtained by the action of nn times of Pn and nm times of 
PiR for p_ > 9 . For these states, the condition ()3.27|) becomes 

2 

2P-P+ + \p- 1 Y,( n iL + n iR + 1) + m 2 = , (3.29) 
i=i 

and the helicity in the transverse space becomes 

2 

h = J L - J R = sgn(p-) ^2(n iL - n iR ) . (3.30) 

i=i 

For p_ = states, the wave function could have the transverse momenta but there is no 
solution for general m 2 . 

The above results can be reproduced by the systematic analysis of unitary irreducible 
representation of Hq Lie algebra (SHllSniE]- There are two Casimir operators in the H$ 
Lie algebra, which are given by the generator F and 

C = P t P* + P*Pi + 2JF . (3.31) 

We define the eigenstates of these operators as 

J\j,v) =j\j>v) , f\j,v) = > = c\j,v) ■ ( 3 - 32 ) 

The eigenvalues of F and C are not changed in the same irreducible representation. By 
using the Hermitian property (Pi)* = P*, we find 

(j jr )\PiP*\j,r]) = ^-r](j -1)>0 , 

(j,ri\P;Pi\j,ri) = l-v{3+l)>0- (3-33) 

Thus, the following representations are obtained. 

9 For p- < we should replace Pil and Pm with P* L and P* R , respectively. 
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Type I There are no highest weight state and lowest weight state. The labels take the 
values of r\ = 0, j G R and c > 0. The eigenvalue of J becomes ■ • • , j — 1, j, j + 1, • • • , 
therefore the fractional part of j labels the irreducible representation. 

Type II There are the highest weight states Pi\j,r]) = with c = 2rj(j + 1). This 
representation is characterized by r] > and j G R and the eigenvalue of J is 
3,3 - 1,- ••• 

Type III There are the lowest weight states P*\j,r]) = with c = 2r](j — 1). This 
representation is characterized by rj < and j G R and the eigenvalue of J is 
3,3 + !,•■•• 

Type IV There is the state which is both the lowest weight and the highest weight. The 
labels take the values of rj = 0, j G R and c = 0. This is the one dimensional 
representation and we will not consider this representation. 

Now, we can compare with the analysis of classical scalar wave function. The eigenval- 
ues can be identified as r/ R = r] L = j L = p + + h/2 andj^j = p + — h/2. Thus, the Type I 
representation corresponds to the case of p_ = 0. The Type II representation corresponds 
to the case of p- > and the ground state can be identified as the lowest weight state. 
Then, we can show that the Casimir operator C and the operator h = ji — jn correctly 
reproduce the mass square (|3.29|) and the helicity f)3.30|) . respectively. For the Type III 
representation, we can make the similar analysis with p_ < 0. 

3.4 Superstring on NSNS PP-Wave in the Light-Cone Gauge 

In this subsection, we quantize the superstring on the pp-wave with NSNS-flux by using 
the sigma model approach |%2* | I43 | IH]. The metric of the type 1)3.23)1 is considered first 
and the metric of the type (j3.10j) is analyzed by using the coordinate transformation. 
In the light-cone gauge, we can explicitly show that physical spectrum does not include 
negative norm states. In the next section, we compare it with the spectrum from the 
BRST quantization. 

Let us first consider the following sigma model action. The bosonic part of the action 
is given by 

S B = j d 2 a\d + ud^v + d+z^.z 1 + ifd+u^d^z 1 - fd-z*) + d + x A d„x A ] , (3.34) 
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where i — 1,2 and z l is the complex conjugate of z l . The coordinates of T 4 sector are given 
by x A (A = 6, 7, 8, 9) and we neglect these coordinates and the corresponding fermionic 
parts for a while. We use the notation of world-sheet coordinates as a± = r ± a and 
9± = ± di). The fermionic part of the action is given by 

+ ir R d + r R + ifad+fa - 2fd + u^ R ] , (3.35) 

where the hatted indices are the ones of tangent space. The equations of motion can be 
calculated as 

d-d + u = , d+[d^v + ij{z i d-z i - td^) - 2f$ R iP R ] , 

d+d-z* + 2ifd + ud_z i - , d+d.z 1 - 2ifd + ud_z i + , (3.36) 

for the bosonic part and 

o_r L = o , o_r L - fid-z^i - d-z^i) = o , 

- fd-z^t = , cLi/Sl + fd.z^t = , 

d + r R = 0, d + r R = 0, d + ^ R + 2ifd + u^ R = 0, d + ^ R -2tfd + u^ R = , (3.37) 

for the fermionic part. 

Since the light-cone coordinate u and the corresponding fermions ip^ and tp R satisfy 
the equations of motion for free fields, we can adopt the light-cone gauge as u = u + 

k + a + + k-<j- and ipl = tp R = 0. Using the super Virasoro constraints T ++ = T = G + = 

G- = 0, the coordinate v and the corresponding fermions ipl and ip v R can be written by 
the transverse coordinates and the corresponding fermions as in the flat case. 

The general solutions for the transverse coordinates and the corresponding fermions 
are given by 

z i = e -2ifk + a +x i ^ -i = e 2ifk + a + ^ ^ ^ = e ~2ifk + a + ^_ ^ ^ = e 2ifk + * + -i_ ? ^gg) 

where X % = X+(a + ) +X l _(a-) and rf_ are free complex bosons and fermions, respectively. 
Since the equations of motion for the fermions ijj l L and ^) % L are the ones for the free fermions 
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in the light-cone gauge, they can be expanded as 

tpi = \f2u' d n e~ ina+ (R sector) , 

ipl = V2rt c r e- ira+ (NS sector) . (3.39) 

reZ+l/2 

In order to recover periodicity conditions z l (cr + 2tt,t) = z l {a,r) and ip R (cr + 2tt,t) = 
±ip l R w , it is convenient to redefine the fields as 

X\ = e 2ifk+a+ Xi , Xl = e-W^-Xi , rf_ = e ~ 2ifk+a - X l , (3.40) 

with periodicity conditions X±(a + 2ir, r) = X±(a, r) and x_ (cr + 27r, r) = ±x_(<r, r). The 
mode expansions of these fields are given by 



Xl = v 7 ^ ^ c4e- imT - (R sector) , 



% —ina- 



Xl = v 7 ^ 7 ^ c'e"*™- (NS sector) . (3.41) 

reZ+l/2 

We can calculate stress tensors in this system as 

T__ = d.ud.v + d^d-z 1 + ifd-uiz'd.z 1 - z'd^) + i^ R d^ R - 2fd-u$\$ i R , 

T++ = d+ud+v + d+z'd+z* + ifd+u^d+z 1 - 5*9+2*) + #£9+^1 , (3.42) 

and zero mode parts are obtained as 

1 /-a* A;_g_ 1 



L ° = W i, = ~2^~ + 4 + 2 f k +) n < a n + E ™*X > 



for the R sector 11 . We have defined as 

y = \{u + v) = y + kr + ■ ■ ■ , t = ~( u + v) = t + It + ■ ■ ■ , (3.44) 



10 Thc (+) sign and the (— ) sign correspond to R-sector and NS sector, respectively. 
n Virasoro generators for the NS sector can be obtained in the similar way. 
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and hence 

u = Uq + k + a + + fc_<7_ , h± — -(k — I) , 

2 

v = v + q + a + + g_cr_ H , g± = ^(fc + Z), (3.45) 

where we denote • • • as higher modes. The momentum canonically conjugate to y is given 
by 

and the momentum canonically conjugate to t corresponding to conserved energy is ob- 
tained as 

E = fj da[d t + iftfd-? - Ifd-j + 2i$^)] = ~~ + VJr • (3-47) 

We have defined Jr as the operator corresponding to negative of right-mover part of 
angular momentum 

^ n 

K = <?X (R sector) , K = ]T 44 ( N S sector) . (3.48) 

n r 

Let us turn to the quantization of the model. We can quantize by replacing the coeffi- 
cients a l n a l n , d l n , d l n , c\ and c* with the corresponding operators whose (anti-) commutation 
relations are 

. _. 4 _i - i 4 

K) a m] = ~ _j_ 2 y^ + ^ nm ' [° n ' a,n ] = n _ 2 fk + ^ nm ' 

K,4J = <5 nm , {<£,<■<} = *„, K,4} = 5 nm , {g;,4} = 5 rs , (3.49) 

which are determined to be consistent with canonical (anti-) commutation relations. For 
the bosonic modes, it is convenient to rewrite as (n > 0) 

bn,+ = a l _ n u n - , b l n + = d l _ n u n - , = d l n u: nt+ , b l n _ = a l n LO n<+ , 

~ h n,+ = a\uj n<+ , b l n + = a\u n<+ , &£_ = a> n _ , 6^ _ = a> n _ , (3.50) 
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with (jj n> ± = |y(n± 2fk + ). We assume < 2fk + < 1 and we relabel the modes if fk + 
is not in this range. This procedure corresponds to the enlargement of Hilbert space by 
spectral flow symmetry ()4.30|) as we will see below. For the zero modes, we use 

tS = \i/2fk^4, 6£ = ^/2/Mo. $ = ^/Mo> % = \y/m&- (3-51) 
These new modes satisfy the standard commutation relations 

K,±,b%,±] = 5 nm , K,±$U\ = Sum , [65,6?] = 1, [8,6?] =1- (3-52) 

Fock vacuum is define by &^ ± |0) = cf_ n |0) = djjO) = for n > and ci r |0) = 4|0) = 
for r > 0. The Fock vacuum for the left-movers is defined in the similar way. 

Now, we can obtain the spectrum from the quantum expressions of Virasoro con- 
straints. In order to do this, we include the coordinates of T 4 sector x A (A = 6, 7, 8, 9) 
and the corresponding fermions ip A and ipR. Mode expansions of these fields are defined 
in the way similar to the other fields. It is convenient to use the quantum expression of 

J R 40BD 

1 oo 

Jr = $K + -- £(^,A, + - + k , 

A 71=1 

OO 

K = 44 _ + + di. n JL n ) (R sector) , 

/ n=l 

oo 

K= J2 (44 + c l _ r ci r ) (NS sector) , (3.53) 

r=l/2 

and operators Nl and Nr (for the R-sector) 

oo 
n=l 

oo _ _ 

Nl = E «(&n A+ + 5SL-%,_ + W + « + Ji n <?„ + eF n e^) . (3.54) 

n=l 

The operators for the NS-sector can be defined in the similar way. By using the usual 
C-regularization, we can calculate zero energy shift and obtain the quantum expressions 
of Virasoro operators ()3.43|) as 

L = ^a'(-E 2 +p 2 A + p 2 y ) + N r + 2a' (E + Py )fJ R , 
L Q = \a\-E 1 +p\+ p\) + N L + 2a' {E + p y )fJ R . (3.55) 

27 



We use Nn t L = N R ^ L — a with a = for the R-sector and a = 1/2 for the NS-sector. 
Virasoro conditions Lq = Lq = lead to level matching condition Nl = N R and 

E 2 - p\ = ^(N L + N R ) + V 2 y + Af(p y + E)J R . (3.56) 

From this condition, the light-cone energy can be read as 

I 2 1 

Hi, c = -p u = -(E-p y ) = ^ + — — (N L + N R ) + 2fJ R , (3.57) 
with p v = \(p y + E). 

Next, let us consider the case with the metric (j3.10|) . Although spectrum in this 
case can be calculated straightforwardly, it is simpler by making use of the coordinate 
transformation. In the polar coordinates z l = rie^' 1 and z 2 = r 2 e l ' P2 7 the Lagrangian 
(j3.34j) is written as 

L = d + ud.v + 2f(r 2 l d + ud^' l + r 2 2 d + ud^' 2 ) 

+ d + rid-Ti + rfd + (f' 1 d^(f' 1 + d + r 2 d_r 2 + rld + ip' 2 d_(p 2 • (3.58) 
By rotating the frame as 

<-P'i = <Pi~fu, <p' 2 = <P2-fu, (3.59) 
the Lagrangian becomes that for sigma model on the metric ()3.1U|) as 
L = d + ud-V — f 2 (r\ + r 2 )d+ud-U 

+ d + rid^ri + rfd+cp^-ipx + d + r 2 d_r 2 + rld + (p 2 d^cp 2 

+ fr 2 (d+ud-(pi — d^ud + (fi) + fr 2 (d + ud-(p 2 — d-ud + cp 2 ) . (3.60) 

The explicit form of the spectrum can be obtained from ()3.57j) by using the coordinate 
transformations ()3.59j) and 

d d d 9 

J = -i- i- — -i^— - i^— = J = J L - J R . (3.61) 

Oifi Of 2 Olfi Of 2 

Under the coordinate transformations, we find 



d 


d 




■f 9 
d(f' 2 


= E + fJ , 


. d 
dy 


d 
dy 


d(p[ 


+<//, 

dip' 2 


= Py~ fJ > 



(3.62) 
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and hence p u <-> p u — fJ and p v ^ p v . Therefore, the spectrum is given by 

H hc = -p u = \{E-p y ) = ^ + -^{Nl + Nr) + f(J L + Jr) ■ (3.63) 

A ^Pv Pv 

We will compare this spectrum with the one obtained from the BRST quantization in the 
next section. 
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4 Superstring Theory on NSNS PP-Wave 



In the previous section, we have shown that superstring theory on the pp-wave back- 
ground with NSNS-flux can be obtained as the Penrose limit of superstring theory on 
AdS 3 x S 3 (xM 4 ) (M 4 = T 4 or K3) with NSNS-flux. Moreover, we have reviewed the 
(generalized) Nappi-Witten model and quantized this model by using the sigma model 
approach in the light-cone gauge. The same analysis can be given by using the current 
algebra approach. Superstring theory on AdS 3 x 5 3 (xM 4 ) with NSNS-flux can be de- 
scribed by the SL(2; R) x SU(2) super WZW model and the Penrose limit is realized by 
contracting currents on this model [37I|l3HI38j . The superstring theory in the Penrose limit 
is given by the super WZW model whose target space is the 6 dimensional Heisenberg 
group H e as we saw in subsection 13.21 In this section, we analyze the H e super WZW 
model by using the free field realization in the current algebra approach We 
use this approach because the similarity with the analysis developed in ^H] for the case 
of Ad S3 x S 3 becomes more transparent. 

4.1 Hq Super WZW Model as a Penrose Limit 

The superstring theory on AdS% x S 3 can be described by the SL(2; K) x SU(2) super WZW 
model. We set the level of each current algebra to positive integer k, which corresponds to 
the number of NS5-branes Q§. (The bosonic parts of SL(2; R) and SU(2) current algebras 
have the levels k+2 and k— 2, respectively.) It is convenient to use the superfield formalism 
with supercoordinates (z, 6) . The supercurrents of this system are given by 



The total currents J A (z) and K a {z) (A, a = ±,3) satisfy the following operator product 
expansions (OPEs) 





(4.1) 



J 3 {z)J 3 {w) 



k 



J 3 {z)J ± {w) 



2(z-w) 



2 ' 



z — w 



J + (z)J~(w) 



k 



2J 3 {w) 



(4.2) 



(z — w) 2 



z — w 
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K 3 (z)K 3 (w) ~ ; k ^ , i^fz^M ~ ±A "("') 



2(2; — w) 2 ' z — w ' 

^ + (^-H- r jL ^ + ^ !M - (4-3) 
(2 — w) z z — w 

The free fermions ip A and x a are defined by the OPEs 

ij 3 (zU 3 (w) ~ -- , if> + (z)if>-(w) — , (4.4) 

z z — w 

1 2 

X 3 (z)x 3 (w) ~ - , X + {z)x~{w) , (4.5) 

z z — w 

and transformed by the action of the total currents as follows 

J 3 (z)^(w) ~ iP 3 {z)J ± {w) - ± ^ ± ( w; ) 



2 — U7 



J±(^H~ T ^^ , (4-6) 
z — w 



z — w 



K ± (z)x T (w) ~ ±^!M . (4.7) 

The Penrose limit of this model is given by a noncompact super WZW model associated 
with the 6 dimensional Heisenberg group H e , which is a natural generalization of the 
Nappi-Witten model [2H]. According to jHHHHHEB] , we can obtain the supercurrents of 
this model by contracting those of the SL(2;M.) x SU(2) WZW model. We redefine the 
supercurrents (j4.1j) as 

J(z, 6) = IC 3 (z, 9) + J 3 (z, 6) , T{z, Q) = UlC 3 (z, 6) - J 3 (z, 6)) , 

k 

Vx{z,e) = -^ + M) > n{z,e) = > 

V 2 (z,0) = ^f- + { Z) 6) , V;(z,0) = ±Kr(z,e), (4.8) 

and take the limit k — > oo with keeping the eigenvalues of Kq — Jg order but the 

eigenvalues of Kq + Jq much smaller than k. Then we obtain the supercurrent algebra of 
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the H s super WZW model as 

J(6, z) = ^j(z) + 9J{z) , T{d, z) = if, F (z) + 9F{z) , 



Vi(9,z) = 4, Pi {z)+6P % {z) , V*(6,z) = ^ P *{z)+eP*{z) , (4.9) 
where i — 1,2. The total currents J{z), F(z), Pi(z) and P*(z) satisfy the OPEs 

z — u> z — w 

P i (z)P*{w)~8 i J—^ + ^\ , 
J \ (z — w) 2 z — w j 

J(z)F(w) ~ ^ . (4.10) 

(z — U>)^ 

Other OPEs have no singular terms. Their superpartners ipj, ipF, ^p, and ipp* are free 
fermions defined by 

il) Pi {z)i) P *{w) ~ , M^f(w) — . (4.11) 

3 z — w z — w 

The total currents J, F, P; and P* non-trivially act on these free fermions as 



J(z)ip Pi {w) ~ 4>j(z)Pi{w) - 





z — u> ' 



p^Vp/M ~ v^w^m ~ . (4.i2) 

In terms of the metric in subsection 13 .2\ — Jq and Kq corresponds to the space-time 
energy —idt and the angular momentum —id^p, respectively. Therefore, the contraction 
of the currents is identified as the transformation of the coordinates ()3.9j) . see also ()3 . 1 2j) . 
In fact, this contraction can be regarded as a stringy extension of Penrose limit since this 
contraction defines a transformation from superstrings on AdS^ x S 3 to superstrings on 
the pp-wave. In the dual CFT side, the eigenvalue of — Jq and Kq are interpreted as 
conformal weight A and R-charge Q, respectively and the contraction means focusing on 
almost BPS states with 

A + Q~fc»l, A-Q<£;, (4.13) 
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as in subsection 13.21 

M = 1 superconformal symmetry is realized as follows. Because the total currents have 
non-trivial OPEs with fermions, it is convenient to introduce bosonic currents, which can 
be treated independently of fermions. They are defined as 

J — J — ip Pl ^ P * - ^p 2 ^p* , F = F , 

Pi = Pi- Mp< , P* = P* + ipF^p* , (4.14) 

which again satisfy the same OPEs (|4.1()jl but have no singular OPEs with the free 
fermions. M = 1 supercurrent is now defined in the standard fashion 

2 

G = Jip F + Ftp j + J2(Pi*Pp; + PWi + Mp&p*) 
i=i 

= j^ f + f^jj + J2( p ^pr + > ( 4 - 15 ) 

1=1 

and the total currents can be given by acting G on the fermions ipj, ipp, ip Pi and tpp* as 
it should be. 

We can continue the analysis by using the abstract current algebra techniques in 
principle. However, it is easier to make use of the following free field realizations as given 
in HHm. We introduce free bosons X+, X~ , Z { and Z* (i = 1, 2) defined by the OPEs 

X + (z)X-(w) ~ -\n(z-w) , Zi(z)Z*(w) ~ -5^ ln(z - w) , (4.16) 

and rewrite the fermions ipF, ^ p, and ipp* as 

ij F = , = r , ^ = ^e iX+ , ^p; = ^*e" iX+ , (4.17) 

where the new fermions are defined by 

1 5' 

ip + (z)^-(w) , ^(*)V£H — • ( 4 - 18 ) 

z — w J z — w 

The total currents can be now expressed as 

F = idX + , J = idX- , 

P t = e lX+ (tdZ t + tfj + ^ t ) , P* = e~ tX+ (idZ* - ^ + </>*) , (4.19) 
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and the bosonic currents are written as 



F = idX + , J = idX~ - - ip 2 ip* - 2idX + , 

p i = e iX+ idZi , P* = e~ iX+ idZ* . (4.20) 

In terms of these free fields the superconformal current is rewritten as the standard form 
of flat background 

G = i) + idX~ + i)~idX + + ip*idZi + ^idZ* . (4.21) 

We also introduce free fields Y % and A* (i = 1, 2, 3, 4) to describe the remaining T 4 sector 
as 

\Hz)\Hw) — , YHz)YHw) ~ -5 lj ln(z - w) . (4.22) 

z — w 

In order to analyze space-time fermions, we have to introduce spin fields, which are 
defined by using bosonized fermions. We bosonize the fermions as 

ijj ±0 = ^± = e ±iHo , 
^ = = e +iH > , 
jjj-i = = e~ iH J , 

v2 

^ ±4 = -4=(A 3 ± a 4 ) = e ±iHi , (4.23) 



and define the spin fields as 



5 e oei 6 2 e 3 e4 = exp (~ £ ejifjj . (4.24) 

The GSO condition imposes Ilj=o e j = +1 i n the convention of this thesis. Precisely 
speaking, the OPEs including the spin fields are affected by cocycle factors and they 
depend on the notation of gamma matrices, which is summarized in appendix [XJ 
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4.2 Hilbert Space of H 6 Super WZW Model 

The irreducible representations of the current algebra of generalized Nappi-Witten model 
(that is the H 6 WZW model) are classified in j^EH]- We shall here focus on the Type 
II representation (corresponding to the highest weight representation of the zero-mode 
subalgebra in subsection 13. 3 J) and later we discuss the other types of representations. The 
vacuum state (in the NS sector) is characterized by 

Jo\J>v) = j\j,v) , Fo\j,v) = V\j,v) , 

Pi,n\j,v) = , Cn > 0) , P* n \j, V ) = , ( v n > 0) , 

* r \j,v) = 0, Cr >0 , r G ^ + Z) , (4.25) 

where \I/ represents all the fermionic fields ipj, ipp, ipp i and ipp*. We assume that j 6 R 
and < 7] < 1. 

It is useful to rewrite this representation ()4.25j) in terms of the free fields X ± , Zi, Z*, 
ip^, ipi and ip*. This is nothing but a Fock representation with the Fock vacuum defined 
by the vertex operator 

V = exp (ijX + + ir)X~) a v , (4.26) 
where a v is the (chiral) twist field. This field imposes the boundary conditions 

idZ t (e 2m z) = e-^idZiiz) , A{e 2 ™z) = e" 2 ™^) , 

idZ*{e 2wi z) = e 2 ™HdZ*{z) , 4j*{e 2wi z) = e 2mv tfj*{z) , (4.27) 

which ensure the locality of H$ supercurrents. More precisely, a n should have the following 
OPEs 

idZi(z)cr v (w) ~ (z — w)~ v t\(w) , idZ*(z)a v (w) ~ (z — w) r '~ l T n v (w) , 

^{z)a v {w) ~(z- w)-n\{w) , ^{z)a, q {w) ~ (z - wft'\{w) , (4.28) 

where r*^, r n v , t 1 v and t n v are descendant twist fields. This twist operator a v has the 
conformal weight 

h(a v ) = 2 x -77(1 - 77) + 2 x -ry 2 = rj . (4.29) 
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As already discussed in j^niEHlE], there is the spectral flow symmetry 

Jn * Jfi J * F n ~\- pfin.O ; Pi,n * Pi,n+p > ji * ^i^n—p ' 

^J,r ~> V'j.r , ^F,r ~> ^F, r , ?M,r ~> IpP^r+p , ^P*,r ~> 1pP*,r-p , (4.30) 

and hence we also consider the flowed representation as the natural extensions of (|4.25|) . 
The vacuum states are given by (where we use pGZas the spectral flow number) 

Mj,V,P) =j\j,V,P) , F o\j,V,P) = (v+P)\j,V,P) > 

Pi,n\j,V,p) = , ( V ™ > -p) , P* n \j,rj,p) = , ( v n > p) , 

i>J,r\j,V,P) = , ( V r > 0) , ^ F ,r\j,V,P) = , (V > 0) , 

^PiAii'ViP) = ' ( Vr > _ P) ' ^P*,r\jiViP) = , ( v r > p) , (4.31) 

where n G Z and r G 1/2 + Z. This spectral flow symmetry ()4.30|) is actually the 
counterpart of that for SL(2; R) x SU{2) WZW model [23121 and it is not difficult to 
confirm it directly by taking the contraction f)4.8j) . We will later focus on the sectors 
with non-zero spectral flow number p to realize the (almost) BPS states and discuss 
the correspondence with the symmetric orbifold theory. We can again realize the flowed 
representation ()4.31|) by means of the Fock representation, in which the Fock vacuum 
corresponds to the vertex operator 

V = exp (ijX + + + p)X~) a n . (4.32) 

We should comment on the other types of irreducible representations of Hq current 
algebra. (The irreducible representations of the zero-mode subalgebra are given in sub- 
section 13.31 ) The Type III representations have the lowest weights and the eigenvalues 
of F take — 1 < rj < 0. The Type I representations have neither the highest nor lowest 
weights and the eigenvalues of F are rj = 0. There are also their spectrally flowed repre- 
sentations. As in the case of SX(2;R) WZW model, (see, for example, |26j) the spectral 
flow symmetry interchanges the Type III representation with the Type II representation. 
In fact, we can easily see that 

-1/(11) ~ -lyCHI) (A qq\ 
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where HjJ p is the flowed Type II representation defined by using the vacuum (j4.31|) and 
Ti-f^p is the flowed Type III representation defined in the similar way. (We must also make 
the redefinitions of fermionic oscillators as ip' p . := ipp. r+ i and ip' P * :— ipp* r _i to equate 
the both sides of (JUSHJ)-) Therefore, we only have to consider the Type II representation if 
assuming the spectral flow symmetry. We also note that p > representations correspond 
to positive energy states and p < representations to negative energy ones in the original 
AdS 3 string theory. 

On the other hand, the Type I representations seem to be the counterparts of the 
principal continuous series in string theory on AdS%. Because there are no twisted fields 
in this sector, the vacua of Type I representations correspond to the vertex operators 

V = exp(ipX- + + n)X + + ip*Z i + ip i Z*) , n 6 Z . (4.34) 

If we do not consider the spectral flow (p = 0), there are only trivial massless states with 
zero energy, that do not propagate along the transverse plane (Z iy Z* directions) just 
as the classical wave functions with p_ = in subsection 13.31 For the cases of flowed 
Type I representations (p ^ 0), many physical states are possible. The spectra of light- 
cone energies in these sectors are continuous and the strings freely propagate along the 
transverse plane. It is quite natural to identify these sectors with "long string sectors" 
in string theory on AdS$ [2H]- On the other hand, the Type II (and Type III) represen- 
tation should correspond to "short string sectors", because they are the counterparts of 
the discrete series in string theory on AdS^. The strings in these sectors cannot freely 
propagate along the transverse plane because the string coordinates Z^ Z* are twisted. 

4.3 Physical Vertices of Superstring on NSNS PP-Wave 

In this section we turn to physical vertex operators in superstring theory on the pp- 
wave background with NSNS-flux. We use the BRST quantization and physical states 
correspond to the elements of the BRST cohomology. We shall concentrate on the Type 
II representation with p > for the time being and we will discuss later the Type I 
representation. In order to construct the physical vertices, it is convenient to make use of 
the free field representation previously discussed. We fix the Fock vacuum as 

\j,r ] ,p) = a v e^ x++ ^ x -\0) , < V < 1, p E Z> . (4.35) 

The light-cone formalism is manifestly ghost free, however the covariant formalism needs 
a no-ghost theorem. In order to prove the no-ghost theorem, it is convenient to construct 
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DDF operators which are BRST invariant and generate the physical spectrum. In our 
case, the spectrum in the light-cone gauge is obtained in ()3.57|) or (|3.63J) . and we construct 
DDF operators which generate these spectrum in this subsection. Here we introduce the 
superghosts (7,/?) or the bosonized ones (<fi,£,r)). The BRST charge has the standard 
form of the free superstring theory as 

1 



Qbrst — j> 



c[T- |(<9</>) 2 - d 2 (j) - r]d£ + dcb)+ ^G - br ] dr ] e 2( '' 



(4.36) 



where T and G are the total stress tensor and the superconformal current constructed 
from the free fields X ± , Z h Z*, Y\ ip^, if;* and A*. 

The most important vertex operators are the generators of space-time supersymmetry 
algebra (jB.6|) . (jB.9|) and (jB.10|) . which are defined in appendix [Bj The generators of 
bosonic part are nothing but the zero-modes of world-sheet Hq (total) currents 



J= l$- e -* = jidX- = J , 
F= l^+ e -<$> = jidX + = F , 
V t = j^e lX+ e-^ = j {idZi + e lX+ = P ij0 , 

V; = j ^e~ iX+ e^ = § (idZ* - e~* x+ = P* , (4.37) 

where we implicitly identify the operators by using the picture changing operator 12 . The 
generators of fermionic part are obtained by using the spin fields 1)4.24)1 as (in the (—1/2) 
picture) 

Q++a = j s+++ aa e iX+ e -l ? Q—a = j £+— a^-iX+g-f ^ 



Q+- a = j S- + ~ aa e~i , Q- +a = j S— +aa e-z . (4.38) 

These operators manifestly BRST invariant and they can locally act on the Fock space 
associated with \j,rj,p) (irrespective of the values of j, rj and p). We can directly check 
that they generate the super pp-wave algebra ()B.6)1 . (JB.9)) and (jB.lOJ) . In particular, we 
note that 

{Q- +a , Q + - b } = e ab J , [J, Q ±Ta ] = , (4.39) 



12 The picture means the number n for e n ^ in vertices. We can change the picture of the vertices by 
making use of the picture changing operators without affecting the BRST cohomology. 
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which indicates that Q ha and Q + ~ a play the role of supercharges with the "Hamiltonian" 
J . In terms of appendix El these are the "dynamical" supercharges. 

In order to analyze the spectrum of physical states we further need to introduce DDF 
operators. We propose the following DDF operators as the "affine extension" of (|4.37jl 
and (IPKJ) 

1 f ' n ~l~ J 7 JC~^~ & 

Vi, n = , — ; — f ipie 1 ^ e~f , 

Vp + v j 

vi n = -1= U^ x \-* , 
Vp + v j 

Q++ a = -±= i S +++aa e^ X+ , 



Vp + v 



Q7~ a = , <p S + — aa e l T+t x e"f . (4.40) 

Vp + ^J 

These operators are BRST invariant and locally act on the Fock space associated with 
\j, T),p) (of the fixed r\ and p). Later we will compare the spectrum generated by these 
DDF operators with the light-cone spectrum. It is obvious that 



Vp + vQ+ +a = Q ++a , Vp + vQz~ a = Q— a . (4.41) 

Note that the supercharges Q ±Ta do not have such affine extensions because the BRST 
invariance cannot be preserved. The DDF operators f)4.4()j) satisfy the following (anti- 
commutation relations (up to the picture changing and BRST exact terms) 

[Pi,m, V*. J = ; — -Sij5 m+n , {Q m °, Qn +h } = e °*^m+n,0 , 

p + T] 

\ j -p 1 — n + ^ r> \7 V* 1 - U — - - V* 

\- U ' ' l > n > p _|_ „ ' l > n ' \-° ' ' h n\ _|_ ' i, n ; 

[J, = J^Q?* , Qn~ a ] = J^Qn~ a ■ ( 4 - 42 ) 

It is also useful to remark that (Pj, n , Qt +a ) an d (V* n , Qn~ a ) are the supermultiplets with 
respect to the supercharges Q + ~ a and Q ha . More precisely, we find the relations 

Pl,n ^ Qt +a V %n ^ 

f V 1>n «t± m) Qi+« £l" V 2 , n , (4.43) 
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t>* rt— a g + " ( T Q) t>* n 

' l,n *■ ' 2,n > U 

o e — n« e — ' er* e — n» , (4.44) 

and the explicit forms of (anti-)commutation relations are 

{s + -°, s,t +1 } = -e"*Pi,„ , {s- +o , sr'} = f°'n» . 

{Q- + °. S,t + '} = e"'^,,, , {S + -°, S,r'} = e"'^,,, ■ (4.45) 

In order to construct the remaining DDF operators for the T 4 directions, it is conve- 
nient to relabel the fermions A* as 

A+- = -L(A 1 + a 2 ), \-+ = -L(-\i + i\*), 

A ++ = -^(-A 3 - *A 4 ) , A" = -^=(-A 3 + ^) , (4.46) 
and the free bosons Y aa as in the similar way. These fields satisfy the following OPEs 

ab ,ab 

\ a \z)\ h \w) , Y ah (z)Y b \w) ~ -e ab e M \n(z - w) . (4.47) 

z — w 

Then the DDF operators can be given by 



Vp + v? Vp + v 



B- 



± 



L/5 ++ -^ x+ e^ , (4.48) 



and they satisfy 



777 

^ = ^^^^ > ^ = ^W^^ 

77 77 

[^^C] = ^^C, [^B^] = (4-49) 
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The pair of (A^ 1 , £>" a ) again become supermultiplets with respect to Q ±Ta 

-^n °n U 

2^ At & a 5± d ^- a)d , (4.50) 

more precisely, 

T) T) 

[Q+-\ A b n b ] = —/ b K b , lQ- +a , A bb ] = ~—/ h K h , 

{QT+\B- b } = -At , {Q + - a ,B+ b } = -At ■ (4.51) 



4.4 Spectrum of Physical States 

Let us consider the spectrum which is generated by the DDF operators constructed in 
the previous subsection. More precisely speaking, we are interested in the physical states 
corresponding to almost BPS states in the dual CFT characterized by 

A + Q ~ k > 1 , A-Q<^k . (4.52) 

This condition is equivalent to 13 

T > 1 , 1.71 « k , (4.53) 

and all string excitations satisfy this condition in the Penrose limit k — > +oo. BPS states 
correspond to the ones with J = and belong to the short multiplets of the superalgebra 
(I4.H7J) and (|4.H8|) . The condition T > 1 only leads to the restriction p > 1 with respect 
to the spectral flow number p. (We only consider the positive energy states.) 

We concentrate on the sectors with no momenta along T 4 direction for the time being. 
It is not difficult to write down the complete list of BPS states for each of the fixed p and 
77. In the NS sector, we obtain (where we focus on the left-movers only) 

\u°;r),p) = ip 1} _i +v \0,r),p) ® ce^|0) gh , 

\uj 2 ;r],p) = V 2 ,_i +r) |0,^,p)®ce-^|0) gh , (4.54) 
and we have two more BPS states in the R-sector as 

la; 1 *; rj, p) = (S- ++T± )_ f +J0, tj, p) ® ce^ |0) gh . (4.55) 

13 In our convention, the BPS inequality is equivalent to J < 0. 
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Here we point out the next relation, which is useful for our discussion 

I \ "0 I Id \ "0 I 2 \ "0 n 



^ \u°;ri,p) f la; 1 ";??,?) ^ \u 2 ^p) . (4.56) 

There is an obvious correspondence between the BPS states and the "chiral part" of 
the cohomology ring of T 4 by identifying £>o~ a with holomorphic one-form dZ a on T 4 . 
Therefore, emphasizing the correspondence to H*(T A ), the non-chiral BPS states can be 
explicitly written as 

\oj( q >d;r},p) = \uj q ;r],p) ® \u^T],p) , (V 9,5) G # M ~(T 4 )) . (4.57) 

These states have degenerate charge T = p + rj for each sector of p and r\. 

We can construct the other types of physical states by making the DDF operators 
(14.40)1 and (J4.48)) act on these BPS states. We first note that the BPS states are actually 
the Fock vacua with respect to (|4.40j) and (|4.48)1 : 

V t , n \Lu; V ,p) = , ( y n > 0) , P*Ju;;ri,p) = , ( v n > 0) , 

Q+ +a \uj; V ,p) = , ( v n > 0) , Q^- a \u; V ,p) = , ( v n > 0) , 

At\u;r),p) = , ( v n > 0) , £fk^P> = , ( v n > 0) . (4.58) 
(For £>g a , see ()4.56j) .) We hence obtain 

62? • • • Q-m' ■ ■ ■ Qz kl ci ■ ■ ■ ® b^ 1 • • • • • • q:^ . . . | w; ^,p) , 

ni,ni,rni,fhi > , fcj, fcj > , v c<j G H*(T 4 ) , (4.59) 
as typical physical states. These states become almost BPS under the condition 

\J + J\ = — 



(J2 n i + J2( m i -v) + J2( k i + v) ) 

V i i i / 

\ i i i ) 



< fc , (4.60) 

which is always satisfied for sufficiently large k. Other states can be obtained by multi- 
plying the supercharges Q ±Ta . Recall that we should include the helicity in the transverse 
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plane J — J = h El> as m ()3.30|) . Then the level matching condition becomes 

( E H i + E( m * -v)+ E(^ + v) ) 

\ i i i / 

- ( E + E(™i - ^ + + ^ ) e (p + ^) z • ( 4 - 61 ) 

We should note that under the limiting procedure k — > oo, a huge number of stringy 
excitations of the original AdS^ superstring theory are included in our physical Hilbert 
space of pp-wave superstring theory These states could correspond to very massive states, 
(which could possess very large energies — Jq) although they have the small j7"-charges. 
This fact gives us a theoretical ground for making it possible to identify a lot of stringy 
excitations with the objects in the dual theory as in |12j . 

In order to complete our discussion, we also consider the sectors with non-trivial mo- 
menta along T 4 direction. Although there are no BPS states in these sectors, it is possible 
to construct almost BPS states. We only consider a rectangular torus for simplicity and 
use R a (a = 1, 2, 3, 4) as the radii. The momenta of T 4 sector can be written as 

n a w a R a n a w a R a , „ „. . 

Pa = 7f + ^, Pa = -^-^, K^eZ), (4.62) 

K a Z K a Z 

where n a and w a are KK momenta and winding modes, respectively. We have used the 
convention a' = l 2 s — 2. The simplest physical states (in the NSNS sector) have the next 
form 

^i +v ^i +r) \jJ,V,p-,n a ,w a ) ® cce-^\0) gh , (4.63) 
where \j,j,r],p;n a ,w a ) corresponds to the vertex operator 

e i(jX+ + (p+r,)X-+p a Y") e i(jX+ + (p+r 1 )X-+p a Y") _ ^ 

The on-shell condition leads to 

3 --2ifuiV ph ^-WTn)^ f " (465) 

and the level matching condition j — j G Z amounts to 

Y,n a w a e {p + r))Z . (4.66) 

a 

The general physical states are obtained by making the DDF operators ()4.40|) and ()4.48|) 
and supercharges Q ±Ta act on the above states ()4.63|) . The condition for the almost BPS 
states is again given by 

\J+J\<&h, (4.67) 
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and the level matching condition is 



J -J EZ . (4.68) 

We have again a huge number of stringy states for sufficiently large k. 

Now we obtain the complete spectrum generated by the DDF operators, thus we can 
compare the spectrum with the one from the light-cone analysis (IH.fiHj) . In our case, the 
spectrum of light-cone energies is given by H\ c = —\(J + J). In particular, in the case 
of p — 14 , we can obtain 

#i.c. = -\{J + J) = ^(N + N) + I(J + J) + -L (y^pI + J^pA , (4.69) 

where N and N are the mode counting operators and J and J are the "angular momentum 
operators" . These operators act on the DDF operators as 

[N, O n ] = -nO n , (O n = Vi, n , P* n , Q + n + \ Qn- a , AT, Bt) , 
[J,O n ) = -O n , (O n = V hn ,Q+ +a ) , 
[3,O n ] = O n , (O n = V* n ,Q-- a ) , 

[J,O„] = 0, (O n = AT,Bf). (4.70) 

The level matching condition is expressed as J — J = h E Z, which leads to the conditions 

N — N = and J — J = h G Z for generic value of r). 

In order to compare the spectrum (jH.6Hj) . we identify N and N as Nl and Nr and 

J and J as Jl and Jr without zero mode shifts. The zero mode shifts are included in 

the definition of the "Fock vacua" (|4.58jl . We also identify / = 1/2, r] — 2a'p v and 

p\ = a'p 2 a + ol'p\. Precisely speaking, the fermions used in subsection 13.41 is the ones 

in the light-cone RNS formalism, on the other hand, the fermions used in this section 

corresponding to the ones in the light-cone Green-Schwarz formalism. We can exchange 

these two notations of fermions by using the triality symmetry on 50(8) Lie algebra or 

the bosonization of fermions. Using these relations, we can show that the spectrum ()4.69j) 

is consistent with the result given in (|3.63|) . 

14 We can extend this correspondence to the case of general p by relabeling the modes as we mentioned 
just below l|3.5UII . 
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To conclude the analysis of Hilbert space of superstrings on the NSNS pp-wave, we 
should also comment on physical states in the sectors of spectrally flowed Type I represen- 
tations. The analysis is quite simple because it can be described by the usual free fields 
without twist operators. As we have already mentioned, it is plausible to suppose that 
they correspond to long strings in string theory on AdS^ jHSlinill^ni- More precisely, the 
strings in these sectors possess a continuous spectrum of the light-cone energies and can 
freely propagate along the transverse plane. The corresponding excitations do not seem to 
exist in the symmetric orbifold theory, which will be analyzed in the next section, because 
it only includes the discrete spectrum. The D1/D5 system (and also the F1/NS5 system) 
has the singularity related to the moduli point where the Dl-branes are emitted from the 
D5-branes. The existence of the long strings are related to this singularity |fi4| . however 
the symmetric orbifold theory does not have the singularity. Therefore we expect that 
we obtain the corresponding excitations by correctly deforming the symmetric orbifold 
theory. More detailed discussions will be given in subsection 15.31 
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5 Comparison with SCFT on Sym (T A ) 

Superstring theory on AdS 3 x S 3 x M 4 has been proposed to be dual to Af = (4, 4) non- 
linear sigma model on the symmetric orbifold space Sym M (T 4: ) = (T 4 ) M / Sm |3*lll3|. In 
the case of F1/NS5 system with Q\ fundamental strings and Q§ NS5-branes, M is given 
by M = Q1Q5. By taking the near horizon limit of F1/NS5 system, we can identify Q5 as 
the level k of SX(2; M) and SU(2) WZW models as we mentioned above. Since the sum 
of the winding numbers of world-sheet is Qi (see, e.g., JIT), the number Qi should be the 
implicit upper bound of winding number p, which corresponds to the spectral flow index. 
In our analysis, we can use any p since we take Q\ — > 00 limit. In the next subsection, 
we review non-linear sigma model on the symmetric orbifold Sym M (T A ). In subsection 
I5.2[ we analyze the spectrum of BPS and almost BPS states with large R-charges and 
compare the spectrum of short string sectors with positive energies. We have found many 
missing states in the superstring side and we discuss this point by comparing the case 
with RR-flux in subsection 15.31 

5.1 Review of SCFT on Sym M (T 4 ) 

M = (4, 4) superconformal field theory defined by supersymmetric sigma model on the 
symmetric orbifold Sym M (T 4 ) = (T 4 ) M /Sm is described as follows. We use 4M free 
bosons X^2) {A — 0, 1, 2, . . . , M — 1, a, a — ±) and free fermions anc ^ ^(2) as funda- 
mental fields. The superconformal symmetry is realized by the following currents (where 
we only write the left-mover) 15 

T(z) =-±E** ^ b dXfc dX\% -W^p e ab , 

A A 
A 

Z A 

15 We should emphasize that (z, z) are the coordinates of space-time superconformal field theory and 
not related to that of the string world-sheet used in the previous sections. 
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In our convention, we set e + = e_ + = 1 and e + = e + _ = — 1 and the OPEs of free fields 
are written as 

(0) ~ -6 A Be ab e" b \nz , * ad (z)^ 6 (0) ~ 5 AB . (5.2) 

The usual convention of SU (2) current is given by 

K 3 = K + ~ = K~ + , K + = K ++ , K~ = -K— . (5.3) 

These currents generate N = 4 (small) superconformal algebra (SCA) with central charge 
c = 6M and their OPEs are 



r(2)r( . 1[ , ) . r iiL I + 7 ^ + OT M 



(z — w) 4 (z — w) 2 z — w 



K aP (z)K^(w) ~ 



:z — w) 2 z — w 



M(e Q7 e /3<5 + e°*e^) 



2(z-w) 



T(z)G aa {w) 
G aa {z)K^{w) 



e a ^K^{w) + e aS K^(w) + e^K a5 {w) + e^iT 
2(z-w) 

3G aa (w) dG aa (w) 



ay. 



W 



2(z — w) 2 z — w 

e °nG Pa (w) + e a/3 G^ a (w) 
2(z-w) 



2Me Q/3 2K a ?{w) e a ^T(w) + dK a 



G«\z)GP\w) ~ e* fc ( + fi— + c ±A^^ ^ ) (54) 

\(-2 — U')' 3 (2 — Wj z Z — J 

The subalgebra of "zero-modes" {L±i, L , -^o } an d the counterpart of the right- 

movers compose super Lie algebra PSU{\, 1\2) L x PSU(1,1\2) R . This subalgebra cor- 
responds to the supersymmetric algebra on AdS^ x S 3 geometry discussed in appendix 

m 

According to the general approach to orbifold conformal field theories fHlCSll2ni, we 
have various twisted sectors. The Hilbert space of each twisted sector is defined with the 
following boundary condition (z = e T+la ) as 

$ (A) (r, a + 2tt) = $ ff(A) (r, a) , (5.5) 
47 








Figure 5: The configuration corresponding to a twisted sector of the symmetric orbifold 
theory. There are connected world-sheets with length 27rn, in the Z n .-twisted sector. In 
the notation in this figure, J2i=i Ui — M and n« can take the same value as rij for i ^ j. 

where $( J 4)(r, cr) represents Xnj\, and The Hilbert space of the symmetric 

orbifold theory can be decomposed as (see, for example, [65] ) 

H(Sym M (T 4 )) = ®H? , (5.6) 

7 

where we denote 7 as a conjugacy class, which labels a twisted sector. The Hilbert space 
of the twisted sector has to be invariant under centralizer subgroup C 7 whose element 
g G Sm satisfies ghg^ 1 — h for h G 7. 

The conjugacy class of symmetric permutation can be written as the form 

7 = (l) JVl (2) iV2 ---(/) JVi , (5.7) 

with ^Z n nN n = M. Each (n) denotes the cyclic permutation of n elements and N n 
denotes the multiplicity of the cycle (n). The centralizer g roup C*y can be given by the 
permutation of the N n cycles (n) and the rotation of the cycle (n). The Hilbert space of 
the twisted sector is then given by 

= (g) S^Hfy , (5.8) 

n>0 

where we denote S Nn 7i as the (graded) symmetrization of tensor products of N n Hilbert 
spaces H. Because of the twisted boundary condition ()5.5|) . there are connected world- 
sheets with length 27m in the Hilbert space 'Hi^) ( see figure [SJ) . The states in the Hilbert 
space Ti./n) are invariant under the Z n action and hence the sector of these states is called 
as Z n -twisted sector. States in the Z n -twisted sector correspond to single-particle states 
and states in the total Hilbert space generically correspond to multi-particle states. In 
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order to compare with the physical spectrum of first quantized superstring theory, it is 
enough to focus on the single-particle Hilbert space. Hence, we shall concentrate on the 
Zjv-twisted sector (N < M) from now on. More precisely speaking, we consider the 
conjugacy class 

7 = (1) M ~ N (N) , (5.9) 

and only employ identity states in the Hilbert space S Nm ~ n TC(i). 

We label the objects in the Z^-twisted sector by the index [A ,Ax,--- ,An_i] = 
[0, 1, ■ • • , N — 1]. The coordinates of this sector are defined on the world-sheet < a < 
2tt, which is rescaled from the iV-times one < a < 2ttN. These coordinates are given 
by 

$(T,a) = $ (n) (T,iVa-2vm) for ^ < a < 1} , (5.10) 

with n = 0,1, . . . , N — 1. These variables X aa , \l/ aa and ^f aa can be used to construct 
M = 4 superconformal currents {L n , G" a , K"@} with central charge c = 6 in the manner 
similar to (j5.1)l . The Z n action to the Hilbert is given by the action of 

$( n ) — > $( n+ i). The invariance under this action amounts to imposing 

L -L eNZ, (5.11) 

on the physical Hilbert space. 

The superconformal currents compatible with the condition (|5.11|) . which can act on 
the physical Hilbert space independently of the right-movers, consist of only the modes of 
n G iVZ. More precisely, the superconformal currents properly describing the Zjv-twisted 
sector {L n , G™, K%@} should be defined as follows jHSUHZI (from now on, we shall only 
present the NS sector) 

f 1 t N2 ~ 1 X 

" \^GZ {R) , (N = 2q) t 
Kf = Kf N . (5.12) 

One can check directly that these operators generate M = 4 superconformal algebra 
with c = 6N. The anomaly term in the expression of L n corresponds essentially to the 
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Schwarzian derivative of the conformal mapping z — > z . We should note that the modes 
of hatted current are counted by Lq. From now on, we also count the modes of objects 
in this sector by Lq and hence the fractional modes are allowed. 

From these definitions (j5.12|) . we can find that the vacuum |0; N) of Zjy-twisted sector 
possesses the following properties as 

• N = 2q + l 

N 2 - 1 
£o|0;iV> = ^^|0;A0 , 

if 3 |0; N) = . (5.13) 

• N = 2q 

( N 2 — 1 1 \ N 
L » |0;iV> =(— + 4iv) 

A- 3 |0;Af) = -i|0;Af> . (5.14) 

When N is even, the supercurrent G^ a in the NS sector is made of the one in the R 
sector before imposing the ZAr-invariance. The extra vacuum energy "7*7" and the extra 
R-charge "— |" in the case of iV = 2q originate from this fact. 

Now, we focus on BPS states (chiral primary states) in the Z^-twisted sector, which 
are defined by the next conditions 

L n \a) = l n \a) = , { y n> 1) , 
G+» = d+ a \a) = , ( v r > -i) , 

G; a \a) = G~ a \a) = , ( v r > -) . (5.15) 
These conditions lead inevitably to 

(L -K 3 )|a) = . (5.16) 

At this point it is not difficult to present the explicit forms of all the possible BPS 
states in the Zjy-twisted sector. (See, for example, [HH|-) They are written as 

\J q ' q) ;N) = \u q ;N) ® N) , v w ta5) e H q ' q (T 4 ) , (g,g = 0,l,2) , (5.17) 

where the left(right)-moving parts are defined by 
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iV = 2q + 1 



i=0 



,2iV x iV; V 2JV T JV i 



\cu m ;N) = ^+\\u°;N) , 

2 



iV = 2g 



<?-i 

|w ;AT) = J] ^t*+l|0;iV) 

i=o N N 



2 

\uj 2 ; N) = ^+|^+7 |w°; N) . (5.19) 



It is easy to check that 



L \J q >d;N) = K*\uj( q >d;N) = — -\oj^;N) , 

L \J q ' q) ; N) = K$\J q ' q) ; N) = q + N ~ 1 \J q ' q) ; N) . (5.20) 



5.2 Comparison with Superstring Spectrum 

We have obtained the spectrum of superstrings on pp-wave in section|3]and in the previous 
subsection we have reviewed the symmetric orbifold theory. Therefore, it is time to 
compare the both Hilbert spaces. In this subsection we compare the (almost) BPS states 
with large R-charges in the Z^-twisted sector with the states in superstring theory on the 
pp-wave. In the context of AdSs/CFT2 correspondence, Lq and Kq are identified with 
— Jo and Kq, respectively, which are the zero- modes of the total currents in SL(2; R) and 
SU{2) super WZW models. Recalling the relations ()4.8|) . we must take the identification 

J^K*-Lo, F^^(k* + L ). (5.21) 

The condition of almost BPS states are ()4.52|) 

L - K$ < k , L + Kl ~ k . (5.22) 
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Since the subalgebra of "zero-modes" {L±i, L , G±^/ 2 , Kq } corresponds to superal- 
gebra on AdS^ x S* 3 , we can define the Penrose limit on this subalgebra just as ()B.5j) and 
(IB. 8)1 . In order to be consistent with the relation (|5.21|) . it is natural to redefine as 

j' = k 3 -L , r = ^(k 3 + L ), 
v[ = ~7^ +1 ' n ' = ~7^ 1 - 1 ' 

Q ++± ' = ±4f Gt± , Q- ±f = ±4f CTi 

yk 2 y/k 



) 
2 



Q- +± ' = ±G+t , = ±GT ± . (5.23) 

2 2 

By taking k — > oo limit, these operators satisfy the commutation relations of super pp- 
wave algebra (fB~6| . (JB~9|) and (|B~TTi|l . 

First, let us consider the BPS states. As we observed in (15.20)1 . the BPS states in the 
Zjv-twisted sector satisfy 

Lo-i^ 3 = 0, L + K 3 ~N. (5.24) 

The BPS states in the string theory side have the eigenvalues T = p + rj in the sector 
with fixed p, rj, the above relations and (|5.21j) imply the following identification 

rt = T, N = pk + l, (5.25) 
k 

with I = 1, 2, ■ ■ • , k — l 16 . Under this identification, we can show the correspondence 
between the BPS states (14.54)1 and (j4.55j) in the string theory side and the BPS states 
flnZEEj) or flCT| in the dual CFT side. 

At least with respect to the BPS states, we expect that the equal number of physical 
states exist in both of superstring theory on the AdS^ x S 3 x T 4 and the pp-wave back- 
ground. This statement is valid as long as superstring theory on the pp-wave is defined 

16 The threshold values I = and k cannot be included because there is a restriction < rj < 1 in the 
type II representations. Moreover, the states with I = k — 1 corresponds to the missing states in the 
original AdS^ x S 3 string theory for each p. (See, for example, |69U23| .'l One might worry that r\ should 
be continuous in principle. These subtleties are, however, harmless for sufficiently large k. 
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by the contraction (|4.8|) . Let us fix the spectral flow number p (> 1). It is known [231 124"] 
that there are about k x dim H* (T 4 ) BPS states with the R-charges \kp < Q < §&(p + 1) 
in superstring theory on AdS% xS 3 x T 4 . This values of R-charges amounts to T = p+l/k 
(0 < I < k) for each of the spectrally flowed sector. This is consistent with the assumption 
r] = l/k (I — 1, 2, . . . , k — 1) (j5.25|) and the following physical Hilbert space 

^S-wave = ^pp-wave(p, V = */*) (5.26) 
I 

includes the equal number of BPS states as those of superstring theory on AdS^ x S 3 x T 4 . 

Turning to the symmetric orbifold theory, we consider the following direct sum of the 
single-particle Hilbert spaces of the Z^^-twisted sectors, (where we set N(l) = kp + I 
(0 < I < k)) 

WgL = n symm (N(l) = kp + l). (5.27) 

I 

It is obvious that Ti. ^ m m and 7i^. wave have the equivalent spectrum of BPS states. We 
should also point out that the identification Bq 0, (= ^^V) = Bq 0, is consistent with the 

2 

relation between ijPEJl and (jSHJ), 

Next, let us consider the almost BPS states. For a moment, we again neglect the 
sectors with momenta along T 4 sector. The almost BPS states in the dual CFT side are 
obtained by acting the free oscillators ^ i „ and idXT 17 on the BPS states under the 

T^+jv N 

condition ()5.22j) . Since we have confirmed the correspondence of the BPS states, the task 
is to look for the operators corresponding to the DDF operators. For the DDF operators 
of T 4 sector, we can find the corresponding operators as 

flf 4 ' = ^ , Af = ^=idXt , (5.28) 

which satisfy the same ( ant i-) commutation relations as those of the DDF operators (|4.49jl . 

For the transverse coordinates of pp-wave background, we also construct the following 

17 Strictly speaking, the mode expansions of \E' aa and idX aa depend on whether N is even or odd. 
However, we can safely neglect the difference 1/2N under the assumption of large N. 



53 



operators 



1 / N f _( N 



7^1 n — 7= 1 i -Lnk+l — ; " — 1 I K nk + l 

y/Nlnk + l — \ n k + l J — 
V*®' 1 f N f ( N 

I l n — ~~F= ^ ~~ i -Lnk^i — — + 1 A nk -i 



v {l) '-—k + v* {iy - —k- 



o++±(iy _ -i— ilL r+± n—±(i)' _ -r * N r-± (koq\ 

nk + l "2" 1 w nk — I 2 H ~ 

Under the identification of (J5.25)) and the large N limit, we can show that these oper- 
ators satisfy the same (anti-)commutation relations as those of the corresponding DDF 
operators (|Q2J) and iJOSjl . 

It is quite important to note that there are the equal number of degrees of freedom 
after taking such large N limit. The Hilbert space of Zjv-twisted sector is spanned by the 
free oscillators \t /± i , „ and idX^ and for each energy level there are the equal number of 
bosonic and fermionic oscillators as those defined in (|5.28jl and 1)5.29)1 . Thus, the almost 
BPS states in the symmetric orbifold theory can be written in terms of the operators 
(l5~2Kl) and dSHj) as 

Qt^' ■ ■ ■ Qz- k f iY ■ ■ ■ ® mt, Q-i\ im ' ■ ■ ■ QZt liTiY • • >; n w > 

fi„fi i ,m i ,rai>0,fc 1 ,fc ! >0, v wGr(T 4 ), N(l) = kp + l, (5.30) 

and the ones generated by acting ()5.23j) . By considering the case with Zj = Zj = Z, we 
obtain the states corresponding to the string states ([4.59)1 . The non-trivial consistency 
check is only the level matching condition. In the symmetric orbifold theory side, the 
level matching condition is given by 

L -L eZ. (5.31) 

This condition is consistent with the result of string theory side (14.61)1 under the above 
correspondence of DDF operators. 

However, we should note here that the string Hilbert space H^_ wave is strictly smaller 
than that of the symmetric orbifold theory; 

n-/(p) C n-f(p) (5 19) 

' L pp-wavc ' L symm " yu.Kj^j 
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In fact, the general states (i.e., Ij / Ij / I) have no counterparts in the string side 
since we cannot define the corresponding DDF operators as local operators on the string 
Hilbert space. These missing states in the string spectrum may be compensated by non- 
perturbative excitations. Because we are now assuming the small string coupling, the 
non-perturbative excitations usually become very massive. Under the assumption of large 
k, the space of almost BPS states can include such very massive excitations in principle. 
However, our world-sheet analysis as a perturbative string theory cannot include such 
excitations. 

Finally we consider the sectors with non-vanishing momenta along T 4 . As in the 
spectrum of superstring theory, there are no BPS states in these sectors but there are 
many almost BPS states. Recall that J 1 = Kq — L and L = -^L + jV 4 2 ~ 1 . The operator 
Lq includes the contribution of momenta with the standard normalization. Hence, we 
find that the contributions of momenta to J 1 and J' are given as follows (for the sector 

H sylam (N(l)) with N(l) = kp + I) 

AJ ~ 2N(l) \ \R a + 2 ) ' AJ ~ 2N(l) \ U 2 ) ' ^ 

where n' a and w' a are KK momenta and winding modes as before. The level matching 
condition for the vacuum state becomes 

5» ,a GiV(Z)Z. (5.34) 

a 

By comparing the analysis given in the last section (under the identification rj = l/k), we 
obtain the following correspondence between the spectrum of superstring theory and that 
of the symmetric orbifold theory as 

n' a = Vkn a , w' a = Vkw a , (5.35) 

where n a and w a are KK momenta and winding modes ()4.fi2j) in the string theory side 18 . 

We have observed that there are again many missing states in the string theory side. 
The essentially same aspect was already pointed out in the context of string theory on 
AdS-j xS 3 xT 4 [21] . It may be worthwhile to comment on how such discrepancy is removed 
if assuming fractional string excitations. These excitations do not exist in the perturbative 
string spectrum and may be at least explained in the S-dual picture as discussed in section 
13.11 The existence of k = Q 5 NS5 leads to fractional strings with tension T — T/k, where 
18 We can treat \fk as an integer number since we assume that k is very large. 
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T represents the tension of fundamental string. If we measure the radii of T 4 by the unit 
of string length l s = 1/yT, namely, R a = r a l s , the momenta ()4.62|) becomes 

Pa = y (— + w a r a ) , p a = - (— -w a r a ) . (5.36) 

For the fractional strings, we should replace the string length l s with l s = Vkl s . Thus, 
we obtain 

p " = Tk x T. (t. + • p ° = Tk x £ £ " ' (5 ' 37) 

and the extra factor 1 / -y/fc completely compensates the spectrum of missing states. 
5.3 Comments on Case with RR-Flux 

As we saw in the last subsection, there are many missing states in the string side. This is 
because the superstring theory is compared with the supersymmetric sigma model at the 
orbifold point, which is a different moduli point from the one of the dual CFT. The dual 
CFT can be obtain by deforming from the orbifold point and we expect that almost BPS 
states with large R-charge are not sensitive to the deformation. However, the dual CFT 
is at a singular moduli point, so this expectation is too naive. In fact, there are some 
missing states in the superstring side even for the BPS states and they are related to the 
divergence due to the singularity as we said before. 

One way to remove this difference is to deform the superstring theory in order to 
include some non-perturbative excitations as mentioned before. The other way is to 
deform the symmetric orbifold theory by using the corresponding marginal operator. In 
our case, we do not know how to deform the theory from the orbifold limit, but in the 
case with RR-ffux, the corresponding deformation is conjectured in [48J and the spectra 
of two theories are compared in [Slj by making use of the deformation. In order to clarify 
the point, we study the correspondence between superstrings on 6 dimensional pp- waves 
with RR-ffux and non-linear sigma model on a resolution of Syrrfi 1 ® 5 (T 4 ) [4T|l4^ l5TI] in 
this subsection. 

The Penrose limit of Ad S3 x S 3 with RR-flux is given by 6 dimensional pp-wave 
background with RR-flux. The metric of pp-wave is the same as that with NSNS-flux 
()3.10|) . but now NSNS-flux is replaced by RR-flux. Superstrings on the pp-wave with 
RR-flux can be quantized by Green-Schwarz formalism in the light-cone gauge [T2tl4*4*]. 
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This is the same situation as superstrings on the maximally supersymmetric pp-wave with 
RR-flux and spectrum can be obtained in the way similar to (|2.27J) as 



rj2 T Ti 4- T TA 

\ 1 + T^TV2 + h 4^- (5-38) 
\ (crp+J a'p + 



We have the relation between the light-cone momenta in the superstring theory and 
conformal weights A and R-charges Q of operators in the space-time SCFT. Using that 
relation, the spectrum of the dual CFT is given by 



where we use R 2 = a'g s Q^ (jH.Hj) . Kaluza-Klein modes in T 4 sector can be explained 
by assuming the fractional D-strings as before. For the other modes, it was conjectured 
in 53 that the general modes of four bosons and four fermions in the light-cone 
spectrum correspond to 

L-i-2. , L_i_™ , KZn , KZn , G~^ n , G~t „ . (5.40) 

They reproduces the first order of the spectrum (|5.39|l . We should notice that these 
operators correspond to the states missing in our analysis since now we take the limit of 
n Q. For this reason, we cannot compare this result with the previous one. 

In order to see the next order, we have to deform the theory from the orbifold limit. 
The moduli space of Af = (4, 4) supersymmetric sigma model on Sym M {T A ) (M = QiQ§) 
is twenty dimensional. The sixteen moduli parameters are the metric Gij and the anti- 
symmetric tensor on T 4 . The other four moduli parameters are the blowing up 
modes which resolve singularities. The singularities appear at the fixed points since we 
divide M products of T 4 by M-th symmetric group. Near the orbifold point, operators 
corresponding to the blowing up modes are given by 

m a b= £ GTiG^alfe^eps , (5.41) 

0<i^j<M-l " 2 

where a°f is Z 2 twist operators acting on the covering space (T 4 ) M . The Z 2 twist operators 
a?f exchange the z-th and j-th T 4 and their SU(2) R x SU(2) L R-charges are (a/2, (3/2). 
The label (a, b) is related to the global SU(2)j symmetry and G^, 2 and G_ x i 2 are doublets 
under the symmetry. By taking the tensor products, we obtain m tr i P iet and m S i ng i e t. Here 
we choose m singlet because m singlet is related to the Dl and D5 charges and m triplet is 



57 



related to the charges of D3-branes wrapped on some two-cycles of T 4 . In summary, we 
use the following marginal deformation 

5S = X J dz 2 m s - mg \ et (z, z) . (5.42) 

In jlH] it was proposed that A ~ ge and a heuristic explanation was given. In fact, it was 
shown in [201 that we can reproduce the first non-trivial order of the spectrum (|5.«fflj) by 
using the marginal deformation. 
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6 Superstring Theory on Hq x T 4 /Z2 and SCFT on 
Sym M (T A /Z 2 ) 

In this section, we extend our previous analysis to the correspondence between superstring 
theory on H 6 x T 4 /Z 2 background and superconformal field theory on the symmetric orb- 
ifold 5 , j/m M (T 4 /Z 2 ). The general K3 surface can be obtained by resolving the singularity 
of T 4 /Z 2 and we investigate the case of the orbifold T 4 /Z 2 as a solvable example of K3 
surface. We again find the good correspondence for the (almost) BPS spectrum. 

6.1 Spectrum of Superstring on Hq x T 4 /Z2 

In this subsection, we investigate the superstrings on Hq x T 4 /Z 2 background. The Z 2 - 
orbifold action acts on the coordinates of T 4 sector as 

Moreover, we assume the action on the free bosons H 3 and H^, which are the bosonizations 
of X ah 

H 3 — > H 3 + vr , H A — > H 4 - vr , (6.2) 

so that the space-time supersymmetry is preserved. In fact, we can directly check that all 
the generators of super pp-wave algebra {J~, J 7 , V%, V*, Q af3a } defined in (I4.37j) and ()4.38j) 
are invariant under the Z 2 -orbifold action and (jfi.2j) . As for the DDF operators 

()4.40|) and (|4.48|) . the orbifold action is given by 

A a n & — - Af , Bf — - Bf , (6.3) 

and the other DDF operators are invariant under this orbifold action. 

Now, we can write down the spectrum of (almost) BPS states. First, let us consider 
untwisted sector and start with BPS states. All the task we have to do is to single out 
Z 2 -invariant BPS states. Only the NS-NS and R-R BPS states are left and the NS-R and 
R-NS BPS states are projected out. Thus, we obtain the 8 BPS states for each p and t] 
and they are identified with the even cohomology of T 4 . As for almost BPS states, we 
first consider the following Fock vacua as 

\hi;jJ;V,P;n a ,w a ; (±)) = \i } i;j } j;r],p;n a ,w a )±\i } i;j,j;ri } p;-n a ,-w a } , (6.4) 
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where j, j;r],p;n a ,w a ) represents physical state with non-vanishing momenta along 
T 4 , which was defined in (I4.63|) . NS-NS BPS states are realized as the special cases of 
such physical states as \i, i; 0, 0; r),p; 0, 0; (+)} and R-R BPS states can be obtained by 
multiplying Bq 0, and Bq u . General physical states are constructed by multiplying the 
DDF operators and supercharges Q ±Zfa as in the case of T 4 . We only need the following 
additional constraint as 

+ ^-m) = even , (for the Fock vacua \i ~i; ■ ■ ■ ; (+))) , 

${B% ATJ + ${$-1 A a } m } = odd , (for the Fock vacua \i ,i; ■ ■ • ; (-))) , (6.5) 

from the condition of Z 2 invariance. 

Next, we consider twisted sectors. There are 16 twisted sectors including stringy 
excitations around the each fixed point of orbifold action. For the each twisted sector, we 
need to consider the following boundary conditions as 

Y a \e 27ri z) = -Y ah {z) , 

\ ad (e 2ni z) = -X ad {z) , (for NS sector) , 

\ ad (e 2ni z) = \ ah (z) , (for R sector) , (6.6) 

and moreover, 

H 3 (e 2ni z) = H 3 (z) + 7i , H 4 (e 2 ™z) = H^z) - u . (6.7) 

BPS states are given as follows. In the NS vacua, there are both of bosonic and 
fermionic twist fields; cr| 2 , cr^, whose conformal weights are equal to 

M4 2 ) = M4 2 ) =4x1 = 1, h(a f Z2 )=h(a f Z2 ) =4x^ = 1. (6.8) 

Based on this fact we can observe that there are no BPS states in the NS-NS, NS-R and 
R-NS sectors. On the other hand, the R vacua can include only the bosonic twist field 
<r| 2 and only the spin fields along the H$ direction, which we express as S € ° ei€2 . This fact 
leads us to a unique R-R BPS state (per each twisted sector), which is explicitly written 

as 

SZp/Zp^JO, V ,P) ® cce^-i |0} gh . (6.9) 
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In this way, we have found the 16 R-R BPS states in the twisted sectors for each p and r\. 
They correspond to the blow-up modes of T 4 /Z 2 orbifold and reproduce the cohomology 
ring of K3 together with the contributions from the untwisted sector. 

The other physical states are also constructed straightforwardly Contrary to the 
untwisted sector, the states with non-trivial momenta along T 4 are not allowed. Thus, we 
only have to consider the states created by the actions of DDF operators over the BPS 
states (|6.9j) . The only non-trivial point is that the modes of DDF operators £>" a should 
be half integers r e | + Z in this case. This fact originates from the boundary condition 
()6.7|) . We again need the constraint 

${B-t, A™J + %{B% A™J = even , (6.10) 
to preserve the Z 2 -invariance. 

6.2 Comparison with SCFT on Sym M {T 4 /Z 2 ) 

In the last subsection, we have obtained the spectrum of superstring theory. In this 
subsection, we study superconformal field theory on the symmetric orbifold Sym M (T 4 /Z2) 
and compare with the spectrum of the superstring theory. The Z 2 -orbifoldization of non- 
linear sigma model on Sym M (T 4 ) is defined by the action 

(6-11) 

This action preserves the M = (4, 4) superconformal symmetry. We again study the 
single-particle Hilbert space of Z^-twisted sector with N — pk + 1 (I — 1, 2, • • • , k — 1) as 
in the previous section. 

We first consider the spectrum of BPS states. In the untwisted sector of Z 2 orbifoldiza- 
tion, only 8 Z 2 -invariant BPS states survive. They correspond to the even cohomology of 

The analysis of twisted sectors is more complicated. Focusing on one of the twisted 
sectors corresponding to 16 fixed points, we can observe the following aspects: 

• N = 2q+ 1 

We have the mode expansions idXT,j_ and , in G Z) and we obtain for the 

N 2N N 
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NS vacuum |0; N) 



(t) 



K^\0; jy) (t) = — — 10; N) [t) . (6.12) 

• JV = 2q 

We have the mode expansions idX a £ j_ and j_, (n G Z) and we obtain for the 

JV 2iV AT + 2JV 

NS vacuum |0;iV) (t) 

K 3 |0;A^) (t) = . (6.13) 

In these expressions the extra zero-point energies and the R-charges assigned to the NS 
vacua are due to these twisted mode expansions. Based on these aspects, we can find out 
the following BPS state that is unique for each of the twisted sectors as 



W;Nf = |o/;iV> (t) ®R^V) (t) , (6.14) 
w 1 ; N) (t) = J] ^1*^|0; N) (t) , (N = 2q+1), 

i=0 



|^;iV) (t) = if ^i_^^|0;A0 (t) , (N = 2q) , (6.15) 



. n N 2N N IN 

1=0 



and we obtain 



Lol^iV)^ = £ V;iV> (t) = y |^;iV) {t) . (6.16) 

In summary, we have obtained the (8+16 = 24) BPS states, which precisely correspond 
to the cohomology of K3 for each of the Z^-twisted sectors. They have (approximately) 
degenerate charges T' (= (Kq + L ) /k) = p + l/k and J' (= Kq — L ) = 0. As in the case 
of T 4 , we have the good correspondence between the superstring theory and symmetric 
orbifold theory under the identifications N = kp + I and r\ — l/k (|5.25|) . 

With respect to the almost BPS states, the discussion is almost parallel to the case of 
T 4 . We can explicitly write down the almost BPS states in the symmetric orbifold theory 
and compare them with the states in the superstring theory by using the identification 
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of DDF operators as before. However, in this case we must identify the DDF operators 
B aa .i (where n G Z) in the twisted sectors with nk k rather than ^ r± i nk . (We 

again neglect the small difference of mode 1/2N.) The short string spectrum is again 
completely embedded in the Hilbert space of symmetric orbifold theory and there are 
many missing states. 
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7 Conclusion 



In this thesis we have investigated the "Penrose limit" of AdS^/CFT2 correspondence. 
The AdS^I CFT 2 correspondence is the correspondence between superstring theory on 
AdS% x S 3 x M 4 (M 4 = T 4 or T 4 /Z 2 ) and superconformal field theory on the symmetric 
orbifold SymP l( ^ 5 (M A ). The Penrose limit of superstring theory on AdSs x5 3 x M 4 with 
NSNS-flux is given by superstring theory on NSNS pp-wave background. This theory can 
be described by a generalization of Nappi-Witten model [2H] and it can be quantized by 
the sigma model approach [5211101113 i n the light-cone gauge and by the current algebra 
approach in the covariant gauge [SHUSHUS]- By using the free field realization in the 
current algebra approach, we have constructed the complete set of DDF operators. The 
spectrum of physical states is classified by short string sectors and long string sectors, as 
in superstring theory on AdS% [26J. 

In the dual CFT side, the Penrose limit corresponds to focusing on the subsector 
of almost BPS states with large R-charges. We have compared the general short string 
excitations with single-particle states in the dual CFT. We have shown that all the short 
string states are successfully embedded into the Hilbert space of symmetric orbifold theory. 
We have also found many missing states in the Hilbert space of superstring theory. We may 
interpret them as non-perturbative excitations or remove the extra spectrum in the dual 
CFT by correctly deforming from the orbifold point. In the case with RR-flux, spectra 
of the two theories are the same at only the leading order at the orbifold point |4*Tl l4*5] 
as discussed in subsection 15 .HI In that case, we can reproduce the spectrum at the first 
non-trivial order by using a marginal deformation [Slj. We want to investigate on this 
point in detail in near future. 

The subjects we have investigated are some specific aspects of AdS/CFT duality. In 
general, a duality is very powerful tool since we may map from one theory with strong 
coupling constant to its dual theory with weak coupling constant. Although we can 
only deal with a perturbation theory, we obtain some information of a theory at non- 
perturbative region by using the duality. As for AdS^/CFT^ correspondence, the CFT 
side is at strong coupling region and the AdS side is at weak coupling region. Therefore, 
it is expected that we can calculate, for example, correlation functions by using the S- 
matrix of supergravity on AdS$. In this thesis we have concentrated on the AdS^/CFT 2 
correspondence. This duality is related to the D1/D5 system and hence the black hole 
physics. Superstrings on the background including black holes are very difficult to deal 
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with since the coupling constant is very strong inside the black holes. In future we may 
describe superstrings on black hole solutions by using its dual CFT. 

The duality is very strong tool but there was the limitation that we can treat only 
BPS quantities protected by supersymmetry. Recently, the authors of [T2| showed that 
if the quantities are very near BPS, we can analyze beyond BPS quantities. We have 
followed their strategy and obtained some information about the correspondence of non 
BPS spectrum. The CFT side of AdS^/CFT^ correspondence is 4 dimensional TV = 4 
super Yang-Mills theory and that of AdS^/CFT 2 correspondence is 2 dimensional M = 
(4,4) supersymmetric sigma model on Syrrfi l( ^ 5 {T 4 ). They are completely different, and 
hence our results are a non-trivial evidence of the PP-Wave/CFT correspondence. 

There are a lot of works left to investigate more on the AdS/CFT correspondence. 
We can interpret the AdS/CFT correspondence as an example which realizes holographic 
principle [T01 l71|. According to the holographic principle, degrees of freedom of gravity 
modes can be projected into a low dimensional screen. As mentioned in 12. 1\ we have a 
holographic map from states in supergravity on AdS§ x S 5 to operators in super Yang-Mills 
theory [5^131] . It is know that it is difficult to interpret the PP- Wave / CFT correspondence 
in a holographic way 19 , so it is important to study on this aspect. The other important 
direction is to investigate the correspondence of more general spectrum. By studying this 
further, we may be able to complete the dictionary of AdS/CFT correspondence. 

The correspondence between superstring theory on pp-wave background and subsector 
of super Yang-Mills theory is very interesting since it provides an explicit example of the 
string/gauge theory duality. There have been subsequent works after ^2j and they gave 
deep insights into both string theory side and gauge theory side. In particular, if we 
understand the duality between superstring theory and supersymmetric gauge theory 
more, we will obtain the information of superstring theory on non-trivial background 
which we do not know how to deal with (for example, a background including black hole 
solutions) by using a simpler supersymmetric gauge theory. 



However, there are several works on this subject |721I731I73] . 
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A Gamma Matrices 

The cocycle factors of spin fields are defined by using gamma matrices. In this thesis we 
use the following Gamma matrices 

r ±0 = a± <g 1 <g> 1 <g 1 <g> 1 , 

r±i = fj 3 <g <t± <g i ® i <g i , 

T±2 = cr 3 <g cr 3 <g <7± <g 1 <g 1 , 
T±3 = cr 3 (g cr 3 (g cr 3 (g a± <g 1 , 

T±4 = 0-3 <g 03 <H> 0"3 (g cr 3 <g cr± , (A.I) 

with Pauli matrices 

H° 0) ) ,ei= (i -1) • <A - 2) 

and cr± = |(o"i ± 202) ■ Charge conjugation matrix can be written as 

C = e<g<7i<ge(g<7i<ge, e = ia 2 , (A. 3) 

which has the property as 

cv,c- 1 = -(rg T , ct = c- 1 . (a.4) 

OPEs including spin fields are given by 

r(z)S A (w) ~ r(r")V» , 

^^(2)5 A H — (r^)V B W , 

z — u> 

s A (z)s B (w) ~ - 1 (r M c)^H . (A.5) 

{Z — W)4 
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B Super PP-Wave Algebra from Super Ad S3 x S* 3 Al- 
gebra 



In this appendix we examine space-time supersymmetry algebra on pp-wave background 
by contracting that of Ad S3 x 5 3 . It is known that supersymmetry on AdS% x 5 3 is 
represented by super Lie group PSU(1, 1|2) x PSU(1, 1|2). Its even part corresponds to 
the isometry of this background. The isometry of AdS^ space is identified as 577(1, 1) x 
517(1, 1) ~ 50(2, 2) and the isometry of 5 3 is identified as SU{2) x SU{2) - 50(4). We 
denote the generators of SU(1, 1) Lie algebra as m a p (a,/? = 1,2) and the generators of 
577(2) Lie algebra as m l ■ (i,j = 1,2) by following the notation of [75]. (We concentrate 
on holomorphic sector and anti-holomorphic sector can be analyzed in the similar way.) 
Their commutation relations are given by 

[rrfp m\] = 5\m a 5 - 5 a 5 m\ , [m l p m\] = b k 3 m\ - b\m\ , (B.l) 

and Hermitian conjugations are defined as 

(m 1 ^ = m 1 1 , (m 2 ^ = m l 2 , {Tn 1 2 )* = m \ > 

(m^t = m ij j ( m 2„)t = _ m i. ; ( m i.)t = _ m 2, _ (B.2) 

The generators of odd sector and g l a correspond to 8(+8) supercharges and their 
commutation relations are given by 

K,, q\] = + iay* , ? 7 fe ] = ^g a k - , 

Hermitian conjugations are defined as 

(g^t = , (g 2 2 )t = -zg 2 2 , (q\y = iq\ , (q\y = iq\ , 

(g i i) t = n\ , (A)* = «A , (<A) f = -V 2 , (? i 2 ) t = • (B.4) 
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Now, we take a light-cone basis and a Penrose limit. First, we consider the even sector. 
We redefine the generators as 



J = -m 1 l + m i i , F — — — (m 1 l + m}^j , 



P 2 = l -=m\ , P; = )=m\ , (B.5) 



and take the limit of R — > oo. Then we obtain the commutation relations as 

[j, Pi] = Pi, [j,p*] = -p*, [p,p;] = ^p, (b.6) 

which is the same as the ones of H 6 Lie algebra. Hermitian conjugations are given by 

(j)t = j , (F)t = F , (Po f = p; , (p;) 1 = p • (b.7) 

The analysis of odd part can be done just like the even part. We redefine the generates 
in the odd sector as 

Q-+ = , = , 

Q- ++ = 9' s , Q + - + = 9 2 i, 

Q-- 1 - = ig* 2 , Q+- = iq\ , (B.8) 

and take the limit of R — > oo. Their commutation relations with the generators in the 
even sector becomes 

[J, Q ++a ] = Q ++a , [J, Q a ] = —Q a , 

[Pi, Q- +a ] = -Q ++a , [PI, Q + - a ] = Q- a , 

[P 2 , Q + ~ a ] = -Q ++a , [P 2 *, Q~ +a ] = -Q" a , (B.9) 
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and the other commutation relations vanish. The anti-commutation relations of the gen- 
erators in the odd sector are obtained as 

{Q- a , Q ++b } = e ab F , {Q- +a , Q+- b } = e ab J , 
{Q ++a , Q + - b } = e ab P l , {Q- +a , Q— b } = e ab P* , 

{Q- +a , Q ++b } = e ab P 2 , {Q+- a , Q- b } = e ab P; , (B.10) 

and Hermitian conjugations are given by (Q ei ' e2 ' e3 )^ = Q~ ei ~ e2, ~ es . The authors of [ZEl 
I77j obtained superalgebras on the pp-wave backgrounds by contracting superalgebras on 
AdS 5 x S 5 , AdS^ x S 7 and AdS 7 x S 14 . Our result is the counterpart of the case of AdS 3 x S 3 
and a natural supersymmetric extension of H$ Lie algebra is obtained. 
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C Supersymmetries on NSNS PP- Waves Based on 
Killing Spinors 

We consider Killing spinors in Type IIB supergravity on pp-wave backgrounds with NSNS- 
flux 20 . RR- fields are not considered since we only introduce non-trivial NSNS-flux. The 
relevant part of Type IIB supergravity action is given by 

S=\J d w Xv ^e- 2 *(-R + m? - \h 2 ) , (C.l) 

where is dilaton and H is field strength H^ up = d^B Uf ^ . We only consider backgrounds 
with constant dilaton 0. Unbroken supersymmetry can be seen from the bosonic part of 
super symmetry transformation of fermions, which are given by 

6% = (d, - V^I^e , 



5X = - i^ p r^)e , (C.2) 



where Q are spin connections with torsion 

Here fi,u,p, - - • are space-time indices and hatted ones represent the indices of tangent 
space. Killing spinor conditions are given by the equations that the right hand sides of 
(|C.2|) are zero. 

From now on we concentrate on a specific configuration. Here we use the model of 03] 
and its bosonic part is given by 

L = dudv + J r ij x l dudx j + dx l dx l , (C.4) 

where T%j is a constant and i = 1, • • • ,8. The nontrivial components of 5-field are 
B U j = \TijX % and the field strength is H ui j = —^ij- The spin connections can be 
calculated straightforwardly [7^ 1^] and the nontrivial components are 

= ■ (C5) 
Therefore, the Killing spinor conditions become 



(d u + \r % ^)e = , d v e = , d t e = , (C.6) 



21) 



We follow the notation of |78| . 
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and 

y r u V J,J < = . (C.7) 

The condition (|C.6|) can be always satisfied by the following form of spinor as 

1 ru 

e(u) = exp(--J KjT^eo. (C.8) 

with a constant spinor eo- However, the condition (jC.7j) can not be always satisfied. In 
general, this condition breaks a half of supersymmetries by 

T"e = . (C.9) 

It is known that pp-wave backgrounds always preserve partial supersymmetries called 
as "kinematical" supersymmetries. However, there are special cases with enhanced su- 
persymmetries called as "dynamical" supersymmetries. The well-known example is the 
Penrose limit of AdS^ x S 5 |S1EIIZ| and this background preserves 16 dynamical super- 
symmetries in addition to 16 kinematical supersymmetries. The relatively less-known 
examples are given in M-theory, Type IIA and Type IIB theory [HniEIllHaiHllHSIHSllHni • 
Let us see the example which is obtained by the Penrose limit of AdS% x S 3 (xT 4 ). 
This case is given by Tij = 2feij(i,j = 1, 2) and Tu = 2ftki(k, I = 3, 4). (See ()3.34|) .) By 
using the notation of gamma matrices in Appendix A, the condition (jC7|) implies 

r +0( r +i r -i _ r -2 r +2) £ = _ ( C1Q ) 

Thus, besides the Killing spinors satisfying r +0 e = 0, there are 8 Killing spinors satisfying 
(r +1 r _1 — r~ 2 T +2 )e = 0. In the notation of supercharges in this thesis, the former Killing 
spinors correspond to 16 kinematical supercharges ([4. 38)) . ()4.48|) 



Q ++a ~ <f> s +++aa e iX+ , QT~ a ~ <p s + — aa e~ iX+ 



B+ a ~ j S + - +{ - a)a , B a ~ j S ++ - { ~ a)a , (C.ll) 
and the latter Killing spinors correspond to 8 dynamical supercharges ()4.38j) 

Q- +a ~ / S— +aa , Q + - a ~ / S- + - aa . (C.12) 



In appendix El we have analyzed the supersymmetry on the pp-wave background from 
the contraction of super AdS% x S 3 algebra and we have also found 8 dynamical super- 
symmetries (IC.12|) . which is consistent with the analysis in this appendix. The dynamical 
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supersymmetries are very important for our analysis because they correspond to the lin- 
early realized supersymmetries in the light-cone gauge. More precisely, the dynamical 
supercharges generate the super transformations which preserve the light-cone Hamilto- 
nian. 

In jlHl we have proposed the other superstring vacua on NSNS pp-waves with en- 
hanced supersymmetry. The superstring theories on these backgrounds are defined by 
the combination of 4 dimensional Nappi-Witten model and a general M = 2 rational su- 
perconformal field theory (RCFT) with c = 9. The Nappi-Witten model and the RCFT 
are non-trivially related to each other due to the GSO projection. In these configurations, 
it seems difficult to analyze in the similar way, because there are no naive geometric in- 
terpretations. However, the existence of extra supercharges implies cancellation between 
NSNS-fluxes like fIC.lOj) . On the other hand, in the case of Penrose limit of the near 
horizon of NS5-branes jHT] , there is only one type of NSNS-flux and hence there is no can- 
cellation as in (jC.lOJl . Therefore, the model admits only 16 kinematical supersymmetries 
and no dynamical supersymmetries. 
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